Power Spectrum and Correlation function

2. Power Spectrum and Correlation function

@ What is the correlation?
Relation between two discrete data set (z;, v;)

@ What is the correlation function?
Relation between two variates which are represented as continuous

function (z(t), y(t))
@ What is the power spectrum?
Measure of Fourier transformed function X (w) of a variate x(t).

@ Wiener-Khintchine's theorem
Relation between power spectrum and auto-correlation function
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Power Spectrum and Correlation function Definition of Power Spectrum

2.1 Definition of Power Spectrum

Fourier Transform :

/ X(w)etdw (1)

Power spectral density

2
X(w) = / B d (2) S(w) = Ilgnwp((Tw” (3)
@ Time average of the square of sinusoidal component with frequency w
in the signal.
@ No information about phase.
@ S(w)dw expresses the power spectrum.
@ | X(w)|? is called energy spectrum.
@ Dimension analysis:  FT of « : X]=[z-1]
Power spectral density : [S] = %} = [2% 1]
Power spectrum ¢ [Sdw] = [XTz%} = [#?]
Energy spectral density [|X 2] = [;rztz]
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Power Spectrum and Correlation function

2.2 Correlation

Population: Sample f; (i € (1,---,

1 N
ENZfi (4)
E[(f-E[f)?*] (5)

Average

Variance a

Correlation

No correlation

Correlation:  Index to represent similarity of two variates (z;, y; ).
E I
C=E[zy], or r:—[a:y] (6) Y Y
BB [/ o} [
(#; =2 —Efz], yi=vi—E[y]) 5 ol o i v

Positive correlation
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Power Spectrum and Correlation function Correlation Function

2.3 Correlation Function

In case where x and y are variates with respect to time:

T—o00

E[z] —» lim %/_2 x(t)dt = (z(t)), (Time Average) (7)

e.g. x(t): Amount of rainfall,
y(t): Amount of water in a river

" M/W
v V\A/\_/\/\/\

@ Time delay

@ Smoothing of time fluctuation
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Power Spectrum and Correlation function Correlation Function

Cross-correlation function and Auto-correlation function

Cross-correlation function

Even when y(t) = z(t), we can understand the periodicity of z(t).
Auto-correlation function

C(r) = lim 1 /5 r(t)x(t+7)dt = (x(t)z(t+ 7)), (9)

T—oo T _%
(Normalization)
Ry - €0 _ (4 ),

co)  {z()?),
— auto-correlation coefficient

R(0) =1
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Power Spectrum and Correlation function

Correlation Function

Periodicity of auto-correlation function

(e.g. 1) x(t) = Acoswit

T
1
lim 7/ (Acoswit)(Acoswy (t+ 7)) dt
T—oo T z

1
=A% lim
TI—I};@T/_

T

©

]

(cos witcosw T — coswltsinwltsinwlr) dt

2
T
. 1 2 14 cos2wit 2 51n2w1 2
_ A2 il - el - -
= A TIE};C [T /_% 5 dt cos w7 / dtsmwl‘r] 5 COS W1 T
| S %,_/
=1 =0 R(7) = coswiT
. T
(e.g. 2) x(t) = Asinwit = Acos (wlt — —)

T
ey (L7 1+cos (2 (wit —5)) 77‘/ sin (2 (wit — )
C(r)=A4 Thﬁn;o[T /_% T S— dt coswyT —_— =/

A?
dt sinwyT

il 2

2

= — CcOsSw|T
2

R(1) = coswiT
@ Periodicity is found.

@ Independent of phase — Independent of the origin of ¢
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Power Spectrum and Correlation function Correlation Function

Characteristics of Auto-correlation function

@ Independent of the position of origin.
@ Even function. (C(—7) = C(1))

C(-7) = lim %Kiz(t)z(t—f)dt (t'=t—r)

li
T—o0
T
_ b / NS, Z
77“11330 . z(t'+ 1)x(t’) dt <2 > \T|>

5T

T
= lim [ o + 7)) dt =C(r)
T—o0 ,%

°® Maxigwm at 7 =0.
(z(t) £ x(t + 7)) dt >0

2

LHS = [ 2(t)dt+ [ 2®(t +7)dt£2 | x(t)a(t +7)dt
[Fon] /

B}

c>0 c>0 o)
= 2(C(0) £ C(r)) > 0 = RHS
2.C(0) = |C(7)]
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Power Spectrum and Correlation function Correlation Function

@ The 1st differential of C(7)
o =% _ l/lw) 0+ 7) 4y — (atya (1 + 7)),

dr  T—oooT J_ or
[ —
==/(t) i Cross-correlation
(Replacing t + 7 = £ — dt = d¢,because “5-™ =1)
. ? between z(t) and
_ T e\ /
—jim_ [ L, HE RO 2/(t).

T

= lim [ (€ —m)al(©)dE = (w(t — 1) (1)),

T—o0 J_T
2

@ The 2nd differential of C(7)

Cross-correlation
' =_C_<x "+ 1), between z(t) and
(or replacing t — 7 =n (% =-1)) l‘//(t).
= lim /% (—=2'(n)2’'(n+7)) dn 3 and
T—00 ) 1 Negative of
—(@' ()’ (t + 7)), auto-correlation of
2/ (t).
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Power Spectrum and Correlation function

Relation between Power spectrum and Auto-correlation

2.4 Relation between Power spectrum and Auto-correlation

Fourier transform (integral):

Domain of signal: (z(t) € R)
1 [ ) 0
£(t) #0 -LT<t<Z z(t) = %LmX(w)ef“’t dw (: %KWX*(W)E’]“t dw)
=0 elsewhere o ,
X (w) :/ x(t)e @t dt

Auto-correlation function:
C(r) = lim l/z z(t)x(t + ) dt

T—oo T -z
o L[ et RNV juo(t-+7)
,TlgréoT/g [27r/ X*(we 9 dw ] [ / X (w)e? dw] dt
= leoo 27TT/ X(w)ej‘”/ X*(w ( / eIt dt) dw' dw
Sww)
L~ lim Meﬁ” dw = %/w S(w)edT dw

= % — o0 I'—0
=S(w)

C(7) is identical to the inverse Fourier transform of S(w).
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Power Spectrum and Correlation function Relation between Power spectrum and Auto-correlation

Wiener-Khintchine's theorem

C(r) = % /_OO S(w)e’ dw (10)

S(w) = /_ Yo Tar (1)

x(t) (@) (t+7)), C(T)
WFT WFT

(--+);: Time average when T — cc.
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Power Spectrum and Correlation function Cross-spectrum and Cross-correlation

2.5 Cross-spectrum and Cross-correlation

Cross-spectral density

Cry(T) = %/ Sey(W)e?“T dw (12)

o ‘ Szy(w) = lim
Spy(w) = / Coy(T)e ™7 dr  (13) T'=e0

X (W)Y (w)

—oo = (XMWY (W), (14)

T

Coy(r) = jll_rgo % [i )yt +7)dt = lim l/ ¥ (t)y(t+7)dt (o z(t),y(t) eR)

1 1 "
— - —jwt . Jw' (t+1) /
TlgI;oT/ <2W /X (w)e dw) < /w' Y (w)e dw)dt
_ JwT ’ © J(w' —w)t ’
jlgréo 27rT/X (w)e / )( /7006 dt) dw' dw
— JwT _ _ * JwT
71320 271'T/X (w)e / Y (W)W — w)dw' dw = hm 1 5 T/X VY (w)e?“T dw

_ 1 XY W) jor 4 o
=5 legr;O#e dwfﬁ/wszywe dw

ey N
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Power Spectrum and Correlation function Cross-spectrum and Cross-correlation

Characteristics of Cross-spectrum

T

Cry(T) = lim %/_Z a()y(t +7)dt = TIEI;O%/_Z ya(t —7)dt = Cyg (=)
= Coy(r) ER (v a(t),y(t) €R)
Suy(w) = F{Coy(7)}

Coy(—7) = Cy(T (15)
Swy(—w) = S;y(w) (16)
Spelw) = S3,(w)  (17)
Say(—w) = Sye(w)  (18)
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Power Spectrum and Correlation function Cross-spectrum and Cross-correlation

Evaluation of translation
glr)=f(r+A), A=(-8,16) (Image size:128x128)

(—8,16) |(—8.0,16.0)

POC:Phase Only cross-Correlation
In th f = A) | A = ik-
n the case of g(r) = f(r + A) Opplr) = F 1{<ekA>T}

- R ) = lim —
F*(k)G(k) = e*A Ives L2 (@)

. . 1
(¢pr(k) is canceled.) = Lll_{r;o ﬁd(r —A)—

v

ik-A
G(k) =™ 2 F(k) 11 /eik'@*”dk?
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Power Spectrum and Correlation function

Evaluation of rotation and scaling

Cross-spectrum and Cross-correlation

Ig

FHF{HAIR})" F{H{Ic}}}

g(r) = f(a®-r+ A), A= (-8,16),
a= i, 0= ( 09591 —sinfy ), 07 = 30deg
2 sinf;  cosf, c;
(Image size:128x128) "
Cartesian log-polar |Hanning-Win |—
(z,y) (ke ky) | (Ko, log |K[) | (kg,log |K])
Ip (k) = [F(R) | A {Ir(k)}

log scale
[0.05, 500

log scale
[0.05, 500

Cross-corr. of Ir and I
(Ko, log |K|)
Crrpig (k)

w/o POC w/ POC

29.4

—0.682

0.710 0.505
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