Fast Fourier Transform (FFT)

Fourier Transform (Series Expansion)
1.3 Fast Fourier Transform (FFT)
1 i 2 (FFT: Fast Fourier Transform)
F,=—= fne PN (17) '
N
n=0 o
N-1 , (N=8) J(
—i2r - we
-Fmé fn,e szn' (Fm:%Fm) wo W
W = e—z‘%" w4 wo
- -1 +1
N-1
Fin ::EE: faW™ W v
n=0 w?
In the case of N =27 (p € N), W™nHN/2 — /™" is satisfied.
By using this relation, the number of times of multiplications can be

reduced.
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Fourier Transform (Series Expansion) Fast Fourier Transform (FFT)

Divide n of f,, n € {0,--- , N — 1}, into two groups which are the even
group and the odd group.

fne/:f2n” f;i’:an/—i-l (n,E{O,l,...,N/2—1})

N—-1 N/2—1 N/2—-1
F,, = Z fa wmn — Z fr{i’ W2mn’ + Z fs/ Wm(?n’+l)
n=0 n/=0 n'=0
N/2—-1 N/2—-1
S S g gy
n=0 n=0
DFT of f2 = Fr,(N/2points) DFT of f2 = F,(N/2points)
Replace (m — N/2+m)
2mn _wm 2mn
N/2—1 _/_W _z_W N/2-1 ,—/—W
F%"+m: Z fs W2(N/2+m)n+WN/2+m Z fs W2(N/2+m)n
B n=0 n=0
N/2—1 N/2-1
= D SWEm WY W = E - WE,
n=0 n=0
DFT of f& = Fg,(N/2points) DFT of f3 = F2,(N/2points)
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Butterfly operation

oy N1
Fn{mo } _ Z fi o} W2nm (22) P 1 F,
n=0 +wm
{ F, =F,+WmEF (23) L
FN/2+m: Ee —WmES E5 T Fnjoem

(me{0,---,N/2-1}) Butterfly operation
o If we know both F, and F, we can evaluate both Fy;, and Fiy/a -

@ In order to evaluate F};, and Fy/o4y,, IV/2 times of multiplications for
each are needed. The sum of them are N times.

@ In order to obtain F, and F?, ---.
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Fourier Transform (Series Expansion) Fast Fourier Transform (FFT)

Divide each of Ff, and F?, into two groups. Furthermore, repeat dividing.

o 1st time (N, = N/2) { n = by, £ WMES
m+Ny
_ 2

@ 2nd time (Ny = N/22) Fy il } = I £ WP (x € {e,0})

m+Ng

2

o 3 time (Ny = N/27) I\ ) = Fme £ W

s (xo,z1 € {e,0})

FXB:EW2(Q 1)mF1X0

(mo &1 -~ wg—2),x; € {e,0})

@ ¢-th time (N, = N/29) { } =
m+Nq
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Fourier Transform (Series Expansion) Fast Fourier Transform (FFT)

( p=3 ) qg=2 g=1
N=8§ N, =2 N,=4
cee  fo =I5 Fge Fy Fy
z wo Wo Wwo
eeo  fi=Fg® o F° R 3!
W W2 Wl
eoe  fr=F§* Fge F 5
?‘w -we W2
€00 — FE’,OO eo FP E
fo=15s “wo ! “we P s
oee f1 = kg Fge kg o Fi
2 g Wo wo —Wwe
. — Foeo Foe Fo F
oco fs =17 >0 L1 o S I
ooe ' — Jooe oo Fo _Fy
000 = kg™ Fye Fy F
Iz 0 T P 8 s LT
FXe 1 px . T . .
o X, Times of multiplications:
T m = (Zo, -, 1 P—q

N/stage x p stage = N logy N

1 x; € {e,0}
F;’(o E’\X'C,er
7I/$,'2(""]rn,
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Bit-reversal scheme

Relation between X and f, (e.g. N =8,p =3)
Fr? ( Pick up the even group in the first. After that pick up the odd group. )

0 1 2 3 4 5 6 7
0) (1) (2 (B) (4 (5 (6) (7) pick up the even group (e)
0 2 4 6
(0) (1) 2) 3) pick up the even group (o)
2 6 — F2 : FT of two points for f2 and fs.
(0) (1)
F§°° ( Pick up groups in order of even, odd, and odd.)
6 — F§°° :FT of the single point for fs.
Bit-reversal scheme
(a) parity eee  eeo  eoe €00  oee  0e0 00 000

e—0,0—1
(b) binary 000 001 010 011 100 101 110 111

(decimal) | (0) (1) (2) ) “) () (6) (7)
(c) | reversal | 000 100 010 110 001 101 011 111

(decimal) | (0) ) (2 ©) 1 ) G (O

We can obtain the list of n for f,, by using bit reverse.
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Example of FFT operation

(Path to evaluate F3.)
q=3 q=2

qg=1 Product along path (W% =1,-1=W7) check
fo Fy beg. | St. 1 St.2 St 3| Product® | n [ 3n [ 3n%sO
y \/ / Jo [ 1T 1 1 | 1=w" J0]0] 0
4 fi | -wooa 1| -wo=wt| 4|12 4
><>< / f 1 -w? 1 | -W?2=wS|2|6 6
fo [ -w0 —w2 1 w2 6|18 2
/\ h 1 1w w3 1]3 3
fs [ -w0 1 ws | —ws=WwT 5] 15 7
sl 1 —w2ows [ —wi=wl|3]9 1
fo l-wo w2 ows ws 7] 21 5

5

We can confirm that the columns with " O are same.

N-1
Fm = Z annm
n=0

— WO — W2
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To apply FFT

@ The FFT can be applied only when N = 2P.

o In the case of N # 2P (2771 < N < 2P):
» Remove data with less information around ends so that N/ = 2P~

» Add data f,, = ff forn € N, ..., 2P so that N/ = 2P. (padding)
(Padding data fT: f(ave.), 0, or fo+12‘N,1>

» A window function after adding or removing is multiplied, if necessary.
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Summary of FFT

@ When N = 2P, the times of multiplications can be reduced by using
butterfly operations.
@ Comparison of the times of multiplications
Nmul(FFT) = Nlogy N
Nmul(DFT) = N?
FFT is more effective with increasing V.
eg. N | 32 1024 32768
DFT | ~1000 ~ 105  ~10°
FFT | 160 ~10* ~5x10°
@ In the case of a two-dimensional image (N, x N,), FFT can be
applied only for the most inner loop.
Nmul(FFT) = NyNy(logy N, + logy Ny)
NMuI(DFT) = NxNy<Nx + Ny)

— NMU|(FFT) < NMU|(DFT)
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1.4 Characteristices of Fourier Transform

Examples of Fourier Transform (Origin : center)

Orig.

Scale
down




Fourier Transform (Series Expansion)

Symmetry

f(r) =a(r) +ib(r) (a,b€R, feC) A(=k)| _ [A* (k)| _ [ A
F(k) = A(k) +iB(k) (A,B,F €C) {B(—k)} {B*(k)} {B*}
—A+iB  (omit (k)) F(k) = A" —iB”
. e F(—k) = A* +iB* # F*(k)
F(k) :/f“")e dr \F(k)|? = (A +iB)*(A +iB)
A(k) a(r) | ik g, = (|A> +|B*)+i(A*B — AB*)
{Af-tz(_klz)} / { 28:))} | |F(~k)[? = (A* +iB*)"(A* +iB")
{B(—k)} /{b(r)} e dr = (JAP +|BJ*)~i(A"B — AB")
# |F(k)|?
| [ R{FR)} [ S{FK)} [ [FR)] ]
f(r) = a(r)(Real) sym. anti-sym. sym.
f(r) = ib(r)(Pure imag.) anti-sym. sym. sym.
f(r) = a(r) +ib(r)(Complex) || non-sym. | non-sym. | non-sym.
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Coordinate transformation

| | ®R{FE)} [ S{FE)} [ [Fk)] |

Translation

Identical
Scale down || Scale up | Scale up | Scale up

Rotation Rotation | Rotation | Rotation

Translation Scaling Rotation
hir) = folr+4A) | fi(r) = folor) filr) = fo(© - 1)
Fi(k) = €+Zk'AFO(k7) (k) = lFO <E> Fi(k) = Fy(©-k)
(r'=r+A) (6] « (r'=0-r)
= ffl(r)efi%%r dr (,,./ _ ar) Fl(k) — f l(r)e—lkrdr
— Lol A ~ [hmewrar ||| =1 ho(@ne *rar
= f+{o Jem k(=R gp || = ffo(ar)e*;kf ir = E,fo(g)ilkz ’:)fie
- e = [ folr)e % & 01=0.k
oo g )| T oA o
’ 7%]‘-]“0(7’ )6 (a) dr 7ff0(,,,l)efl(@k d
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