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Fourier Transform (Series Expansion)

1. Fourier Transform (Series Expansion)

timet [s] <= frequency w [rad/s]
position 7 [m]<=-wave number k [rad/m]

© Advantages of Fourier Transform

@ understanding of data characteristic (period)

@ understanding data propagation mechanism
(Convolution «» Product in Fourier space)

o Filtering (reduction of noise, enhancement of certain
characteristic)

@ simple mathematical operation
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Fourier Transform (Series Expansion)

O Data characteristic

eg.
x F(k

sin kyx 12

z —ky +ky k
const.

T 0 k
sin kyx + %cos ko

I
T —ky —ky +ki +ko k

We can understand periodicity of f(z) from spectrum

[F(K)[-

O example of filtering
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Fourier Transform (Series Expansion) Complex Fourier Series

1.1 Complex Fourier Series

Complete Orthogonal System

When a complex function f(0);6 € [—m, 47| satisfies

o [P1£(8)|d6 < o
o f(—m) = f(+m),

f(0) is expressed by a series of ¢™?.

fO)= > Fpe™ (1)
1 (™ :
P = o /_ ) f(0)e~™0 dp 2)
(f €C, 0 € R, m € Z(Integer Numbers))
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Fourier Transform (Series Expansion) Complex Fourier Series

Completeness

f(o) = i Fpet™? (Completeness) (1)

m=—0Q

Proof: Show A}im fn(0) — f(0) =0 . (detail is omitted)
— 00

— f(9) — f1(0
P — f3(0
|—fsl9
o dh "N Pay
A AN XX |0

SN——”

i

fn(z): Approximated function by truncated finite terms

N
(fN(e)— > Fme"w)
m=—N
X Discontinuities of f(6) between the domain, or the inconsistency at both ends

(f(=m) # f(4m)) are acceptable.
In these cases, the value at the discontinuous point is considered as the average.

(Dirichlet’s theorem)
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Fourier Transform (Series Expansion) Complex Fourier Series

Gibbs phenomenon

@ The truncated function with finite terms fx () has
error with dumping oscillation around discontinuous point.

A A

N
In) = F,,em? f1(0) ~ AN f19(6)
P2 N R
Q) / N\ Fao(0)
N /

£(6) S Fro(6)
£1(6) a A F10(6) ‘
ey [ a Joo(6) ‘
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Fourier Transform (Series Expansion) Complex Fourier Series

Orthogonality

fO)=> " Fue™ (1)
_ 1 " —imb
Fn=go | 1@ a0 (2)

We can prove Eq. (2) using the following orthogonal property.

1 s

o ) (Orthogonality) (3)

e dh = 6, = {
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Fourier Transform (Series Expansion) Complex Fourier Series

Scaling of domain(f € [—m, +7] — z € [-1,]])

f(0) = Fpe™ (1) -
Fp = % _ﬂ FO)e ™ do  (2) [}

fl@)= > Fye (4)

m=—00

1/t ,
Fi, = /_ @t ()

X Both dimensions of f(x) and F}, are same.

* Arguments of elementary functions has no dimensions.  (Exception: z of log(x))
* The value of elementary function has also no dimensions.
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Fourier Transform (Series Expansion)

Complex Fourier Series

Shifting origin(z € [—I, +l] — 2’ € [-l+ a,l+ a))

fa)= Y Bt (4)

m=—0o0

1 /! }
Fi =5 [ @ (9)

o]
fle+a)= Z Fy,, efm(@ta)

r—z+a m=—o0
_—

1/t 4
Flew = 5; / flx +a)e Pt gy
-1

U (@ =x+a)

fa)y= > Rt (6)
m=—00
1 l+a

_ = f(x/>€—ikmw’ dz’ (7)
" 2 —l+a

Fy,

Only the change of integration range
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Fourier Transform (Series Expansion) Complex Fourier Series

Fourier Transform(l — o0)

1 /! ; T
zkm:c —ikmax _ Z
f(x)= E F e F,, = 5 / f(x)e dx (km =my mAk)

m=—00

ot 00
If 1 — oo, then Ak — 0 , discrete k,, — continuous &, , 3. ...A;H/ e dk
m: 00 —0a

o0
= fim 3 Feeean= [ (lm i) k= / Bt

Ak—0 M=—00

(k) = Iim #=le ﬂl/ fae o de = oo [ flage e
© A .
/ F(k)e™™ dk (Inverse Transform) (8)
L
:_/ f(z)e ™ da (Forward Transform) (9)
2 J_

X Dimensions of f( ) and F'(k) are different.
(@) = [kEw)], [F(0)] = l2f ()
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Fourier Transform (Series Expansion)

Complex Fourier Series

Orthogonality of continuous function

% ei(m—m/)a do = 5m7m, (3)
-
1 l+a

= e/ k)T g = 6 s (10)
2 —l+a

In the case of | = o0
N ’
62(k—k )z dx
—0o0
becomes ...7

1 l+a X
Taking | — oo in Eq. (10)}3210 5 / e km =k Gy — 5
—l+a

Multiplying 2! for both sides of Eq. (10)

l+a o ,
LHS = lim eilkm =k )T g0 / (ilk=k gy
l—o0 —l+a oo
— 1 _J oo (k=F)
RHS = ll_l)I& 21 Ot = { 0 (k£ K)

RHS=4(k — k') 7?

Can we handle as a symmetric
function, although the original is
an asymmetric function?

Is the result a positive real
value?
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Fourier Transform (Series Expansion) Complex Fourier Series

The INVERSE transform of the FORWARD transform must equal the original function.

f(z) = / - F(k)e™*® dk; (8)

F(k) = % [ T @ ttde (9)

After substituting Eq. (8) into RHS of Eq. (9), exchange the order of integrals.

F(k) _ QL/ (/ F(k/)elk’,L dk/) e*ikw dr = / F(k/) <2i/ ez(k',k)au dx) dk/
T J—c0 —00 —00 T J—o0

The § function has a following nature.
F(k) = / FK)S(K — k) dk’

From comparisons of them we can derive the following orthogonality.

! ER)T o — §(k — k') (11)

21 J o
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Fourier Transform (Series Expansion)

Dirac’s dfunction

Complex Fourier Series

Definition of § func.

_ foo(x=0)
5(””)_{0(957&0)

/:5(95)@:1

(12)

(13)

eg. dx) = hm In(x

fu(@)

Dimension of § func.

/ f(x)o(z —a)dx =

fa) (1) 9(=)] = H

Natures in the evaluation of integrals (Natures of integral of product with f(x))

§(—2) =6(x), §W(~a)=

—6W(x), z6(z) =0, d(ax)=—0d(z),

1
lal
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Fourier Transform (Series Expansion) Complex Fourier Series

Various expressions of Fourier Transform

The sufficient condition is INV{FWD{f}} = f.
O Arbitrary polarity of index in exponential function

oo

f(z) = F(k)eT™* dk

Pk = % /_ T (@) dy

O Arbitrariness of factor

f(z) = / h F(k)ete qk

/ f —zk:v dz
1

AA = 2 (Sufficient condition)

s

| Nature

symmetrical form

When k& = 2nk, both
factors equals to 1.

Bl
)
g‘,_ — Q‘H:k

o
3
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Fourier Transform (Series Expansion) Discrete Fourier Transform (DFT)

1.2 Discrete Fourier Transform (DFT)

In exact, “Discrete Fourier Series
Expansion”.

fllay= 3 K" (4)

m=—0oQ

1 L Consider the case when f(z) is
F = _/ () e~ HRme 1 5 sampled with even intervals.
A f(x) (5) =01 No1)
2m

m — T— 1
k m— (15)

fo=fl(2n), x,=nAx

Represent integral by summation: N-1

i N fao= ) Fnet™%  (16)
0

(L =NA ;:0 1= 2
= x _j2mnm
o Fn= 5y 3 fue " (17)
B, =Y e

n=0
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Fourier Transform (Series Expansion) Discrete Fourier Transform (DFT)

Periodicity of F},, and f,

N . N-1 o
Frw = = ZB fae TN (A7) fo = Z:OFme“ N (16)
Replacing m/ = m + N F,, also has a periodicity.
27rn(m+N) fn:I:N = fn (19)
m+N - Z fn
2"""‘ —i2mn
:_an e L =Fn We can choose any set of N
=! points for m in Fy,, or nin f,, if
F,,, has a periodicity. the point is not a periodic points
f others.
Fpin =F 18 N
meE mn (18) However, we must consider the
sampling theorem for interpola-
tions.
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Fourier Transform (Series Expansion)

Sampling Theorem

Discrete Fourier Transform (DFT)

Signal consist of single sinusoidal func-
tion:
fon() = Fe*n® (ki = £7)

In order to observe oscillation with a pe-
riod L,,, two points are needed within
Ly,

8 pts
w Az L
8

Sampling Theorem

(Nyquist Freq.)
(20)

4 pts L
Ar=—2
m\-\-/./%] T 1

4\ 2 pts
Ax =

m

N

\./ 2
1 pt
Ax =L,

Oscillation cannot be ob-
served, with Az = L,,.
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Fourier Transform (Series Expansion) Discrete Fourier Transform (DFT)

Sampling Theorem and Aliasing

L
Ax > — — Different sinusoidal

L,=%
m 3
» o~ function is observed. — Aliasing
\4 . Freq. of true signal:
| 2w
L km =m—

Fine sampling (N = 24) Freq. of spurious 52i7%na|:
Ar=L=Ln L k;n:(m_N)f:km—N

*%%%’6 If the sampling interval is Ax, the signal
T

. T
with k,, > —— cannot be observed.

Azx
Coarse sampling (N = 4) —Sampling Theorem
Ap =4 = 3w 5 Lu In this condition, the aliased signal with

W the following frequency is observed.
T

—T

— < ) = < —
e | Ry S =y <
(Jlm = N| < N/2)
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Fourier Transform (Series Expansion) Discrete Fourier Transform (DFT)

Relation of domains and intervals between real and Fourier

spaces

L = Tpmax — Tmin = NAZ (fn:fn:tN)
K:kmax_kmin:NAk (Fm: miN)

™
S ling Th C k] < —
® Sampling Theorem:  [k] < Ax (Real ) (Fourier)
@ Symmetry of k space P | space
(kmin = —kmax) Az eciproca K
T (Prod.=2m)
(kmax = —Kkmin = _) xN ~U« 'ﬂ‘ XN
Az Reciprocal
2 (P<d:> ) Ak
™ rod.=2m
K = knax — kmin = +—
* Ax

Ak = 2 _r

Tmax — Lmin L
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Fourier Transform (Series Expansion) Discrete Fourier Transform (DFT)

Summary of DFT

FT of signal with discrete sampling (num. of samp.=N)

FWD
. 1 .
o= X Rt 22 g2 LSt
m n
(zn=nAx) (km=mAk)

o Suffixes n and m of f,, and F,,, have periodicity with the period N.
@ In the computation of f,, and F},, arbitrary set of m and n has same
result because of this periodicity. (eg. n,m ={0,--- ,N — 1}, or
n,m={[=N/2],---,[N/2=1]})
@ However, if m of F,, is |[m| > N/2, m should be shifted into
|m| < N/2 to satisfy sampling theorem.
@ Interpolation
Once F), is obtained, we can evaluate f(z|z # nAx) by inverse trans-

form. In this case, m must satisfy the sampling theorem. Otherwise,
the interpolated function shows an aliasing function.
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Fourier Transform (Series Expansion) Discrete Fourier Transform (DFT)

Techniques to compute DFT

1 - 2Tmn
— —1
B = N Z fae™N (17) @ Since em7r =1 for2l(€ %N
n=0 o % _ m(mn
@ In a simple computation,
most of computational cost is If we evaluate WP = ¢~ %P
consumed to evaluate Y for p € {0,1,--- , N} at the
exponential function e™* "~ . first, the number of times for
o To evaluate all of F,,, N? exponential evaluations is only
times evaluations are needed. N.
@ Argument of exponential When we use this table, the time to
function compute multiplication governs the
T mn 1 computational time.
N = {WJ +N (mn)%N The scheme to reduce the num.
~—— M of times for multiplication is called
Integer Fraction FET.
mn%N € {0,1,--- \N —1}
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Fourier Transform (Series Expansion)

Window function

Discrete Fourier Transform (DFT)

Sinusoidal signal: f,, = coskiz,
o Case of fy, = fan
|ka’ = %(67?1,% + 57m,n)

o Case of fi, # fan
|F'(k)| spreads around k.

» Reason:

Assumed periodicity.

» Solution: Multiply window
function w(z) so that the ends
becomes continuous.

f'(@) = w(x)f(z)

» example of the window function:
w(z) = 3 (1 + cos
(x € [xre —L/2,zc+ L/2])

2n(z—x.)
L

Fnaxk

[
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Fourier Transform (Series Expansion) Discrete Fourier Transform (DFT)

Two-dimensional DFT

Nz—1Ny—1 21r7nyny)

27ranT+
Fm my — E E fn n Ne Ny
x Tty N N ¢ y

nZ—O ny=0

(21)

To evaluate all Fy, im, (NINZ,)2 times multiplication are needed. (4 loops)

Ny—1 Ny—1
Exchange the order < _iZmyny | awmgng
( ) Frgm, = E E Framy€ My € Ne
of operators T N B

nz=0 ny—O

—Grng.my

Ny—1 —

o ng}r\x]yny et 27fmznz
anamy = E f’ﬂz,ny v, sz,my = E an,my
ny—O nw—O

an,my : fnz,ny . my . . NxNj
{sz,m,, is the FT of Gy with {mz} The num. of multi. for all is NgNy .

Total num. of operation is reduced to NmNi + NgNy times. (3 loops for each step. 2 steps.)
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Fast Fourier Transform (FFT)

Fourier Transform (Series Expansion)
1.3 Fast Fourier Transform (FFT)
1 i 2 (FFT: Fast Fourier Transform)
F,=—= fne PN (17) '
N
n=0 o
N-1 , (N=8) J(
—i2r - we
-Fmé fn,e szn' (Fm:%Fm) wo W
W = e—z‘%" w4 wo
- -1 +1
N-1
Fin ::EE: faW™ W v
n=0 w?
In the case of N =27 (p € N), W™nHN/2 — /™" is satisfied.
By using this relation, the number of times of multiplications can be

reduced.
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Fourier Transform (Series Expansion) Fast Fourier Transform (FFT)

Divide n of f,, n € {0,--- , N — 1}, into two groups which are the even
group and the odd group.

fne/:f2n” f;i’:an/—i-l (n,E{O,l,...,N/2—1})

N—-1 N/2—1 N/2—-1
F,, = Z fa wmn — Z fr{i’ W2mn’ + Z fs/ Wm(?n’+l)
n=0 n/=0 n'=0
N/2—-1 N/2—-1
S S g gy
n=0 n=0
DFT of f2 = Fr,(N/2points) DFT of f2 = F,(N/2points)
Replace (m — N/2+m)
2mn _wm 2mn
N/2—1 _/_W _z_W N/2-1 ,—/—W
F%"+m: Z fs W2(N/2+m)n+WN/2+m Z fs W2(N/2+m)n
B n=0 n=0
N/2—1 N/2-1
= D SWEm WY W = E - WE,
n=0 n=0
DFT of f& = Fg,(N/2points) DFT of f3 = F2,(N/2points)
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Fourier Transform (Series Expansion) Fast Fourier Transform (FFT)

Butterfly operation

oy N1
Fn{mo } _ Z fi o} W2nm (22) P 1 F,
n=0 +wm
{ F, =F,+WmEF (23) L
FN/2+m: Ee —WmES E5 T Fnjoem

(me{0,---,N/2-1}) Butterfly operation
o If we know both F, and F, we can evaluate both Fy;, and Fiy/a -

@ In order to evaluate F};, and Fy/o4y,, IV/2 times of multiplications for
each are needed. The sum of them are N times.

@ In order to obtain F, and F?, ---.
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Fourier Transform (Series Expansion) Fast Fourier Transform (FFT)

Divide each of Ff, and F?, into two groups. Furthermore, repeat dividing.

o 1st time (N, = N/2) { n = by, £ WMES
m+Ny
_ 2

@ 2nd time (Ny = N/22) Fy il } = I £ WP (x € {e,0})

m+Ng

2

o 3 time (Ny = N/27) I\ ) = Fme £ W

s (xo,z1 € {e,0})

FXB:EW2(Q 1)mF1X0

(mo &1 -~ wg—2),x; € {e,0})

@ ¢-th time (N, = N/29) { } =
m+Nq
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Fourier Transform (Series Expansion) Fast Fourier Transform (FFT)

( p=3 ) qg=2 g=1
N=8§ N, =2 N,=4
cee  fo =I5 Fge Fy Fy
z wo Wo Wwo
eeo  fi=Fg® o F° R 3!
W W2 Wl
eoe  fr=F§* Fge F 5
?‘w -we W2
€00 — FE’,OO eo FP E
fo=15s “wo ! “we P s
oee f1 = kg Fge kg o Fi
2 g Wo wo —Wwe
. — Foeo Foe Fo F
oco fs =17 >0 L1 o S I
ooe ' — Jooe oo Fo _Fy
000 = kg™ Fye Fy F
Iz 0 T P 8 s LT
FXe 1 px . T . .
o X, Times of multiplications:
T m = (Zo, -, 1 P—q

N/stage x p stage = N logy N

1 x; € {e,0}
F;’(o E’\X'C,er
7I/$,'2(""]rn,
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Fourier Transform (Series Expansion) Fast Fourier Transform (FFT)

Bit-reversal scheme

Relation between X and f, (e.g. N =8,p =3)
Fr? ( Pick up the even group in the first. After that pick up the odd group. )

0 1 2 3 4 5 6 7
0) (1) (2 (B) (4 (5 (6) (7) pick up the even group (e)
0 2 4 6
(0) (1) 2) 3) pick up the even group (o)
2 6 — F2 : FT of two points for f2 and fs.
(0) (1)
F§°° ( Pick up groups in order of even, odd, and odd.)
6 — F§°° :FT of the single point for fs.
Bit-reversal scheme
(a) parity eee  eeo  eoe €00  oee  0e0 00 000

e—0,0—1
(b) binary 000 001 010 011 100 101 110 111

(decimal) | (0) (1) (2) ) “) () (6) (7)
(c) | reversal | 000 100 010 110 001 101 011 111

(decimal) | (0) ) (2 ©) 1 ) G (O

We can obtain the list of n for f,, by using bit reverse.
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Fourier Transform (Series Expansion) Fast Fourier Transform (FFT)

Example of FFT operation

(Path to evaluate F3.)
q=3 q=2

qg=1 Product along path (W% =1,-1=W7) check
fo Fy beg. | St. 1 St.2 St 3| Product® | n [ 3n [ 3n%sO
y \/ / Jo [ 1T 1 1 | 1=w" J0]0] 0
4 fi | -wooa 1| -wo=wt| 4|12 4
><>< / f 1 -w? 1 | -W?2=wS|2|6 6
fo [ -w0 —w2 1 w2 6|18 2
/\ h 1 1w w3 1]3 3
fs [ -w0 1 ws | —ws=WwT 5] 15 7
sl 1 —w2ows [ —wi=wl|3]9 1
fo l-wo w2 ows ws 7] 21 5

5

We can confirm that the columns with " O are same.

N-1
Fm = Z annm
n=0

— WO — W2
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Fourier Transform (Series Expansion) Fast Fourier Transform (FFT)

To apply FFT

@ The FFT can be applied only when N = 2P.

o In the case of N # 2P (2771 < N < 2P):
» Remove data with less information around ends so that N/ = 2P~

» Add data f,, = ff forn € N, ..., 2P so that N/ = 2P. (padding)
(Padding data fT: f(ave.), 0, or fo+12‘N,1>

» A window function after adding or removing is multiplied, if necessary.
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Fourier Transform (Series Expansion) Fast Fourier Transform (FFT)

Summary of FFT

@ When N = 2P, the times of multiplications can be reduced by using
butterfly operations.
@ Comparison of the times of multiplications
Nmul(FFT) = Nlogy N
Nmul(DFT) = N?
FFT is more effective with increasing V.
eg. N | 32 1024 32768
DFT | ~1000 ~ 105  ~10°
FFT | 160 ~10* ~5x10°
@ In the case of a two-dimensional image (N, x N,), FFT can be
applied only for the most inner loop.
Nmul(FFT) = NyNy(logy N, + logy Ny)
NMuI(DFT) = NxNy<Nx + Ny)

— NMU|(FFT) < NMU|(DFT)
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Fourier Transform (Series Expansion) Characteristices of Fourier Transform

1.4 Characteristices of Fourier Transform

Examples of Fourier Transform (Origin : center)

Orig.

Scale
down




Fourier Transform (Series Expansion)

Symmetry

f(r) =a(r) +ib(r) (a,b€R, feC) A(=k)| _ [A* (k)| _ [ A
F(k) = A(k) +iB(k) (A,B,F €C) {B(—k)} {B*(k)} {B*}
—A+iB  (omit (k)) F(k) = A" —iB”
. e F(—k) = A* +iB* # F*(k)
F(k) :/f“")e dr \F(k)|? = (A +iB)*(A +iB)
A(k) a(r) | —ikr g, = (JAP? +|BJ*)+i(A"B — AB")
{Af-tz(_klz)} / { 28:))} | |F(~k)[> = (A* +iB*)"(A* +iB")
{B(—k)} /{b(r)} e dr = (JAP +|BJ*)~i(A"B — AB")
# |F(k)|?
| [REEE) [SEE)] [ [FE) ]
f(r) = a(r)(Real) sym. anti-sym. sym.
f(r) = ib(r)(Pure imag.) anti-sym. sym. sym.
f(r) = a(r) +ib(r)(Complex) || non-sym. | non-sym. | non-sym.
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Fourier Transform (Series Expansion) Characteristices of Fourier Transform

Coordinate transformation

| | ®R{FE)} [ S{FE)} [ [Fk)] |

Translation

Identical
Scale down || Scale up | Scale up | Scale up

Rotation Rotation | Rotation | Rotation

Translation Scaling Rotation
hir) = folr+4A) | fi(r) = folor) filr) = fo(© - 1)
Fi(k) = €+Zk'AFO(k7) (k) = lFO <E> Fi(k) = Fy(©-k)
(r'=r+A) (6] « (r'=0-r)
= ffl(r)efi%%r dr (,,./ _ ar) Fl(k) — f l(r)e—lkrdr
— Lol A ~ [hmewrar ||| =1 ho(@ne *rar
= f+{o Jem k(=R gp || = ffo(ar)e*;kf ir = E,fo(g)ilkz ’:)fie
- e = [ folr)e % & 01=0.k
oo g )| T oA o
’ 7%]‘-]“0(7’ )6 (a) dr 7ff0(,,,l)efl(@k d
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Power Spectrum and Correlation function

2. Power Spectrum and Correlation function

@ What is correlation?
Relation between two discrete data set (z;, v;)
@ What is correlation function?
Relation between two variates which are represented as continuous
function (z(t), y(t))
@ What is power spectrum?
Measure of Fourier transformed function X (w) of a variate x(t).
@ Wiener-Khintchine's theorem
Relation between power spectrum and auto-correlation function
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Power Spectrum and Correlation function Definition of Power Spectrum

2.1 Definition of Power Spectrum

Fourier Transform :

/ X(w)etdw (1)

Power spectral density

2
X(w) = / B d (2) S(w) = Ilgnwp((Tw” (3)
@ Time average of the square of sinusoidal component with frequency w
in the signal.
@ No information about phase.
@ S(w)dw expresses the power spectrum.
@ | X(w)|? is called energy spectrum.
@ Dimension analysis:  FT of « : X]=[z-1]
Power spectral density : [S] = %} = [2% 1]
Power spectrum ¢ [Sdw] = [XTz%} = [#?]
Energy spectral density [|X 2] = [;rztz]
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Power Spectrum and Correlation function

2.2 Correlation

Population: Sample f; (i € (1,---,

1 N
ENZfi (4)
E[(f-E[f)?*] (5)

Average

Variance a

Correlation

No correlation

Correlation:  Index to represent similarity of two variates (z;, y; ).
E I
C=E[zy], or r:—[a:y] (6) Y Y
BB [/ o} [
(#; =2 —Efz], yi=vi—E[y]) 5 ol o i v

Positive correlation
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Power Spectrum and Correlation function Correlation Function

2.3 Correlation Function

In case where x and y are variates with respect to time:

T—o00

E[z] —» lim %/_2 x(t)dt = (z(t)), (Time Average) (7)

e.g. x(t): Amount of rainfall,
y(t): Amount of water in a river

" M/W
v V\A/\_/\/\/\

@ Time delay

@ Smoothing of time fluctuation
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Power Spectrum and Correlation function Correlation Function

Cross-correlation function and Auto-correlation function

Cross-correlation function

Even when y(t) = z(t), we can understand the periodicity of z(t).
Auto-correlation function

C(r) = lim 1 /5 r(t)x(t+7)dt = (x(t)z(t+ 7)), (9)

T—oo T _%
(Normalization)
Ry - €0 _ (4 ),

co)  {z()?),
— auto-correlation coefficient

R(0) =1
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Power Spectrum and Correlation function

Correlation Function

Periodicity of auto-correlation function

(e.g. 1) x(t) = Acoswit

T T
. 1 [z . 1 [z
C(T)7Ylg?)of/_g(Acoswlt)(Acoswl(thT))dt7T151(1)of/_g(Acoswlt)(Acoswl(t+T))dt
1 r
— A2 lim =~ [
4 [

(cos witcosw T — coswit sinwitsin wlr) dt

2
T

. 1 2 1+ cos2wit 7 sin2wit . 2

=A% 1 — - - - = =_

TI—IEO[T /_% 5 dt cos w1 T /§ dtsmwl‘r] 5 COS W1 T
—_— %/_’
=1 =0 R(7) = coswiT
. 7T
(e.g. 2) z(t) = Asinwit = Acos (wlt — —)

e [ 1+cos (2 (wit —5)) 77‘/ sin (2 (wit — )
C(r)=A T11~1)1<130|:T/T—2 dt cosw T _— <7/

A?
dt sinwyT
il 2
2

= — CcOsSw|T
2

R(1) = coswiT
@ Periodicity is found.

@ Independent of phase — Independent of the origin of ¢
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Power Spectrum and Correlation function Correlation Function

Characteristics of Auto-correlation function

@ Independent of the position of origin.
@ Even function. (C(—7) = C(1))

C(-7) = lim %Kiz(t)z(t—f)dt (t'=t—r)

li
T—o0
T
_ b / NS, Z
77“11330 . z(t'+ 1)x(t’) dt <2 > \T|>

5T

T
= lim [ o + 7)) dt =C(r)
T—o0 ,%

°® Maxigwm at 7 =0.
(z(t) £ x(t + 7)) dt >0

2

LHS = [ 2(t)dt+ [ 2®(t +7)dt£2 | x(t)a(t +7)dt
[Fon] /

B}

c>0 c>0 o)
= 2(C(0) £ C(r)) > 0 = RHS
2.C(0) = |C(7)]
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Power Spectrum and Correlation function Correlation Function

@ The 1st differential of C(7)
o =% _ l/lw) 0+ 7) 4y — (atya (1 + 7)),

dr  T—oooT J_ or
[ —
==/(t) i Cross-correlation
(Replacing t + 7 = £ — dt = d¢,because “5-™ =1)
. ? between z(t) and
_ T e\ /
—jim_ [ L, HE RO 2/(t).

T

= lim [ (€ —m)al(©)dE = (w(t — 1) (1)),

T—o0 J_T
2

@ The 2nd differential of C(7)

Cross-correlation
' =_C_<x "+ 1), between z(t) and
(or replacing t — 7 =n (% =-1)) l‘//(t).
= lim /% (—=2'(n)2’'(n+7)) dn 3 and
T—00 ) 1 Negative of
—(@' ()’ (t + 7)), auto-correlation of
2/ (t).
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Power Spectrum and Correlation function

Relation between Power spectrum and Auto-correlation

2.4 Relation between Power spectrum and Auto-correlation

Fourier transform (integral):

Domain of signal: (z(t) € R)

Z‘(t) 7& 0 _% <t< 2
=0 elsewhere o ,
X (w) :/ x(t)e @t dt

Auto-correlation functipn:
1 Pl
/ e(O)a(t +7) dt

)= i 1
{ / X*(w) e_JWtdw] [ / X(w')e (H'T)dw} dt

X* Jw-r/ X(w <_/ i —w)tdt> do’ dw
21 ) _ o

S(w'—w)

\ .Vq wIS o)y

- Taoo 27TT

1 [ X*(w)X ; 1 [ ;
= — lim K@) X(w) T dw = — / S(w)e?T dw
21 ) T—o0 21 J_ o
=S(w)

T x(t) = % LmX(w)efwt dw <: %/;X*MEM dw)

C(7) is identical to the inverse Fourier transform of S(w)

43 /197



Power Spectrum and Correlation function Relation between Power spectrum and Auto-correlation

Wiener-Khintchine's theorem

C(r) = % /_OO S(w)e’ dw (10)

S(w) = /_ Yo Tar (1)

x(t) (@) (t+7)), C(T)
WFT WFT

(--+);: Time average when T — cc.
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Power Spectrum and Correlation function Cross-spectrum and Cross-correlation

2.5 Cross-spectrum and Cross-correlation

Cross-spectral density

Cry(T) = %/ Sey(W)e?“T dw (12)

o ‘ Szy(w) = lim
Spy(w) = / Coy(T)e ™7 dr  (13) T'=e0

X (W)Y (w)

—oo = (XMWY (W), (14)

T

Coy(r) = jll_rgo % [i )yt +7)dt = lim l/ ¥ (t)y(t+7)dt (o z(t),y(t) eR)

1 1 "
— - —jwt . Jw' (t+1) /
TlgI;oT/ <2W /X (w)e dw) < /w' Y (w)e dw)dt
_ JwT ’ © J(w' —w)t ’
jlgréo 27rT/X (w)e / )( /7006 dt) dw' dw
— JwT _ _ * JwT
71320 271'T/X (w)e / Y (W)W — w)dw' dw = hm 1 5 T/X VY (w)e?“T dw

_ 1 XY W) jor 4 o
=5 legr;O#e dwfﬁ/wszywe dw

ey N
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Power Spectrum and Correlation function Cross-spectrum and Cross-correlation

Characteristics of Cross-spectrum

T

Cry(T) = lim %/_Z a()y(t +7)dt = TIEI;O%/_Z ya(t —7)dt = Cyg (=)
= Coy(r) ER (v a(t),y(t) €R)
Suy(w) = F{Coy(7)}

Coy(—7) = Cy(T (15)
Swy(—w) = S;y(w) (16)
Spelw) = S3,(w)  (17)
Say(—w) = Sye(w)  (18)
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Power Spectrum and Correlation function Cross-spectrum and Cross-correlation

Evaluation of translation
glr)=f(r+A), A=(-8,16) (Image size:128x128)

(—8,16) |(—8.0,16.0)

POC:Phase Only cross-Correlation
In th f = A) | A = ik-
n the case of g(r) = f(r + A) Opplr) = F 1{<ekA>T}

- R ) = lim —
F*(k)G(k) = e*A Ives L2 (@)

. . 1
(¢pr(k) is canceled.) = Lll_{r;o ﬁd(r —A)—

v

ik-A
G(k) =™ 2 F(k) 11 /eik'@*”dk?
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Power Spectrum and Correlation function

Evaluation of rotation and scaling

Cross-spectrum and Cross-correlation

Ig

FHF{HAIR})" F{H{Ic}}}

g(r) = f(a®-r+ A), A= (-8,16),
a= i, 0= ( 09591 —sinfy ), 07 = 30deg
2 sinf;  cosf, c;
(Image size:128x128) "
Cartesian log-polar |Hanning-Win |—
(z,y) (ke ky) | (Ko, log |K[) | (kg,log |K])
Ip (k) = [F(R) | A {Ir(k)}

log scale
[0.05, 500

log scale
[0.05, 500

Cross-corr. of Ir and I
(Ko, log |K|)
Crrpig (k)

w/o POC w/ POC

29.4

—0.682

0.710 0.505
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Observation Model of Additive Noise

3. Noise

Observation Model of Additive Noise

3.1 Observation Model of Additive Noise

| Model of Additive Noise |
faout Gain Outont
nput utpu
O B v
Noise
w
y=gr+w

N times measurements

y™ : known
™ w™ : unknown

N})

@ x and w are independent

@ Definition of Expected value and
Variance

Expected Value :

Elf] NlinooNZf -

Variance :
3=E[(f-7)]

What is the relation between T,

w, and 7, or that between 0'2.,
J%U, and U'Z?
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Observation Model of Additive Noise Observation Model of Additive Noise

Statistics of Observed value in the additive noise model

Yy=gr+w
o Ave. (Exp. Val.) .
y=E[y=E[gz +w] = 1\}£an (ng(") +w(")) =gE[z| +E[w] =gz +w

@ Var.
o2 =E (g7 +w) ~ )| = B[ (g2 +w) — (97 +1))’] = E (9 = 7) + (w —))?
=¢’E [(x - 2)2] +2E((z —7)(w —w)|+E [(w — E)Q] =g%0l 42
—_— _— —_—

=0 (Blzw]=zw&Y)

—02 =02
7Uz 7UW

In general, w = 0, Ufu > 0. When N — oo,
@ Yy=gT
— Effect of noise can be removed.
2 _ 22 2 2 2
® 0, =90, + 0y >g0;
— The variance caused by noise cannot be removed.
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Observation Model of Additive Noise

Classification of random signal

3.2 Classification of random signal

Ergodic
Non-Ergodic
Non-ergodic

Stationary {

Not stationary

@ Multiple measurements of time varying
signal (fO™ ), ne{1,---,N})

N

Tt = Blr0] = Jim <> f00)
n=1

Clt.r) = B0

» Stationary :
f&)y=r.Ckr)=C'(r)
(Independent of t)

@ One of time varying signal

» Ergodic :

(H™ =7, ct(r)=C'(r)
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Observation Model of Additive Noise Spectrum of Noise

3.3 Spectrum of Noise
White Noise

Stationary Ergodic random signal

‘White Noise : Independent at 7 # 0. ‘

@ Auto correlation :  C(7) = (n(t)n(t+ 7)) = Al%moﬁd(T)At (1)
—
( At is added to match the dimension.)
@ Power Spectrum :  S(w) = /ﬁé(T}Ate_j‘” dr =n2At  (2)

— Spectrum is constant.<<White

@ Cross correlations between other signals are 0.
Cnyp(1) = (n(@)f(t+ 7)) = (n(1)) (f(E+7)) =0 (3)
=0
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Observation Model of Additive Noise

Observation Model of Additive Noise

Brownian Noise(1/f? Noise)

@ Markov Process(Affected by the previous point(neighbors))

r(t+ At) = pr(t) +n(t) (4)
@ Auto correlation

C(r) = (r()r(t+7))

C(t+ At) = (r(t)r(t + 7 + At))
=) {prt+7)+nit+7)})
=p(r)rit+7)) + (rt)nt + 1))
= pC()

Compare Taylor series expansion.(r > 0)

C(r+ At) = C(1) + At O(At?)

ile}

- pC=C+ —At
dr
1 1—-p
— adc——TdT——OédT
~——

=a

(0<p<1, At>0,n(t): white noise )
C(r) = Coe™ 7

Since C(7) has an even property,

C(r) = Coe " (5)

Cy is obtained from Eq.(4).

<r2(t + At)) = ((pr(t) + n(t))2>
Cy = p200 + 0_721
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Observation Model of Additive Noise

@ Power spectrum

.0 . 0 .
S(w) = / Coe @39t gy / Coel =) gy
—00 0

1
:CO( — +
a— jw

Lorentz distribution oc

S(w) o { C?nst

W X

@ Naming

» Red Noise
» Brownian noise

w2+

(w< a)
(w>a)

(Not color 'brown")

—1 _ 20004
—a—jw) w?+a?

Observation Model of Additive Noise

()

(8)

+Higher freq. (short wavelength) comp. is small.

«+Spectrum of particle position with Brownian motion (Random walk)

» Lorentzian Noise

@ e.g. Thermal noise
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Observation Model of Additive Noise Observation Model of Additive Noise

1/f Noise

1 1 1
Noise with S(w) ox — XX ()| x —= # —
@eo  OXIX@Ix=#2)
Signals with 1/f noise
@ Electric resistance of metal (fluctuation of num. of carriers)
@ Sound from small stream of water
@ pitch of grain of wood

The mechanism is not known clearly.

(Another name) Pink noise (Intermediate White and Red.)
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Observation Model of Additive Noise Auto correlation of observed value.

3.4 Auto correlation of observed value.

s'(t) = s(t) + n(t)

s(t) : True(Unknown.) Cs(7) is also unknown.
n(t) : White Noise(Unknown.)  Cy,(7) = n24(7) is known.
§'(t) : Observed(Known.) Cy () is also known.

Cy(r) = (s'()s'(t+ 7)) = ({s(t) + n(t)H{s(t + 1) +n(t +7)})
= (s(t)s(t + 7))+ (n(t)s(t + 7)) + (s(t)n(t + 7)) + (n(t)n(t + 7))
=Cs(7) =0 =0 =Cr(7)
= Cy(7) +n23(r) At

o Cs(1) = CU(1) — n28(T)At

If we know property of noise, we can obtain auto correlation of true.
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Observation Model of Additive Noise Intensity distribution of Noise

3.5 Intensity distribution of Noise

@ The terminology White or Red expresses spectrum in freq. domain.
This represents periodicity of signal, it does not represent the
intensity distribution of noise.

@ The quantity to represent the intensity is probability distribution p.
(Form of the function and Parameters (eg. standard deviation).

@ Well used probability distribution :

» Normal distribution (Gaussian distribution)
» Uniform distribution

@ To express the property of noise, both the spectrum and distribution
function are required.
(eg. White Normal distributed noise (with standard deviation))
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Generation of Random Noise Generation of Random Noise

3.6 Generation of Random Noise

Ideal Random Number: No periodicity — White Noise

@ Computer simulation: Random numbers are required for generation
of simulated noise. Normal rand. num. are required in many cases.

@ A function in most computers is only a series of Uniform Distrib.
Uniform Random number: X ~ U[min, max]
Implemented one in computer system is X ~ U[0, 1].

(X € [0,1] is generated and the probability to generating
them is same.

@ Methods to generate Normal Rand. from Uniform Rand.
» Sum of plural Uniform Random numbers.
» Coordinate transform of Uniform Random numbers
» Use of Multi-dimensional probability distribution function
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Generation of Random Noise

Generation of Random Noise

Probability of independent events

@ Random Variable: X
X € {z1,z9, -+ ,z,} (Discrete)
X € [Zmin, Tmax] (Continuous)

©

Probability Density Function: p(z)
Probability of X = x:
(In cont. system, p(x) dx.)

@ Cumulative Distribéjtion Function:
PX<zx)= p(x) dz
—00
(P(X <) =1)

Average (expected value) of X:
o0

©

T = / xp(z) dx
—o0
@ Average of function with X:

FX) = E[f(X)] = / " f@)ple) do

@ Variance of X:

ol=(x—-7)2 =

2 2

-7
T = [T sy
= /(ac2 — 227 +7°) p(z) dz

- / o2 p(e) do —27 / o p(e) de +72 / () do

—_—

=a2

@ Incident Prob. Dens. Func. for two
independent events:
p(x1,2) = p1(21) pa(z2)

> 1+ X2 =71+ T2

> o2

— 42 2
Zi4z2 = Oz + Oy

> T1T3 =71 T2
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Generation of Random Noise Generation of Random Noise

Generation of Normal random distribution using sum of uniform random numbers

| Central Limit Theorem |
Sum of Random Variables which obey an independent distribution con-
verges to a Normal distribution.  (There are some exceptions.)

Ty =1 — 1

° X, ~U[0,1] — p(z)=1 " P m=r-m
1 1
@ Sum of two random number: /
F(z) =P (X1 + X2 <) :/ deydey 0/ 1w 0 1
r1tze<z T xr—1
Caseof 0 <z <1 1
F( ) /.’l? /asfml 4 4 IQ
T) = o dr) = —
21=0 Jp=0 T 08

Caseof 1l <z <2:

rz—1 1 "1 rr—w1 = ’
F(w)z(/ / +/ / )dwgdzl :
21=0 Jay=0 Jay1=2-1Ja9=0 04

=000~ U L NI

=)

PN ()
\
T

22
:f?JrZz—l 02
_ T (0<z<1) 0 » -
p(z)i{Q—z (1<z<2) 3 2 1 : 1 2 3
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Generation of Random Noise

Generation of Random Noise
e X, ~U[0,1] — p(z)=1

When N = 12,
12
A d Vari
@ Average an1 ariance . X — ZX" — 6~ N[O, 1]
E:/Iudmuzi . .on=l1 N .
0, is obtained as a Normal distribution.
ggu = (g — Tg)? day = 22 — T2 Nz, Ug] .
A :
=i-1=1 Normal distribution
N with average, T
e X = ZX“ with variance, o2
n=1
N
_ N 1 _(@=a)?
-Ym-g e
pz) = € ’
n=l 2 (@) 2moy
N
2 _ 2 _
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Generation of Random Noise

Generation of Random Noise

Arbitrary random distribution using coordinate transform

Coordinate change using y = f(x)
from P,(X < z) to Py(Y <y).

Py(x) y=flx) Pyy)
1 1
|ap /
/ f 7
0 i z 0 / - y
Tmin Tmax Ymin Ymax
AP = p,(x)dx AP = py(y)dy

Pz () dr = py(y) dy

We can obtain the transformation
f(z) from X ~ U[0,1] (pz(z) =1)
so that p,(y) satisfies above the Eq.

@ Exponential distribution

py(y) =e¥
dr =eYdy
—szx=—-€Y—>y=—logz

The exponential random distri-
bution can obtained by transform
with y = — log x where x is uni-
form random number.

@ Randoms ?beyn;g Normal dist.
py(y) = \/ie
_ 1+ erf(%)

o W/ 2
—y=2erf” 1(23371)

erf ! is not implemented in computers.
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Generation of Random Noise Generation of Random Noise

Normal random number using Box-Muller method

Multi-dimensional probability distribution:

Py (Y1, Y2, - )dyrdya - - = pu(x1, 22, -+ ) dry dag - - -
= pg(z1, 22, )| | dy1 dya - - -

Assume x1, x5 are independent.

Oz1 Oz 2
0, X~ U10.1] |J|=‘ on o ':ie
(pz (21, 72) = pa(w1)pa(w2) = 1) . oy | 27
J/ITo T cos ( ) ( 1 4 1 _
y1 = v —2log 1 cos (2mxs =|—e 2 e 2
{ y2 = v/—2log 1 sin (27x9) (1) V2n V2T
= py(y1)py (y2)

x1 and xo are

0 9 The pair (y1,y2) has Normal distribution
S TR with N[0, 1], which is obtained by Eq. (1)
using a pair of (z1,x2) with U0, 1].
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Convolution and Response Function

4. Convolution and Response Function

| N ot) = /0 ¥ )it — ) dr

e 6 % ~ [ it —rdr =90 +i) = =)0

delay
relaxation

| A o) = [ Zg(ﬁ)i(w—ﬁ) e

e o——] 9 |0 = [ i€t — € de = gta) i) = 9+ (o)

blur —oo

@ Since input is considered as reason, and output as result, the output is considered as integral of
the input.

@ The response does not depend on absolute time. It only depend on the time difference between
input and output.

@ The output is an integral of the product between input and weight depending time difference.

@ The difference of time and spatial domain is only the region of integral. (Causality)

> The convolution is similar to the cross-correlation but sign of the argument is inverted.
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Convolution theorem

4.1 Convolution theorem

Convolution theorem

Convolution theorem

If o(x) is represented as a convolution of g(z) and i(x),

i(x) g9(x)
I(k) G(k)

o(k) =

/a;o(w) e—ike g
/z (/{g(é) i(r — &) d&) omike g
[t ([ite =gt ar) ae

/s o (/ ile—ge ™ do ef“‘é> de

)
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Response Function

4.2 Response Function

Sensor +PC

Object Lens : Lens IEI
() >
i G i I o Gs (03)

o(r) = (gn * (- * (91 %4)))(7),

Response Function

on(r) = / G (€)in(r — €) de

= (gn *in)(r) = ins1(r)
On(k) = Gn(K) In(k) = Int1(K)

N
O(k) = (H GN(k)> I(k)
n=1

@ The response function of a whole system equals to the
products of response functions of each components.

@ When the response function in each system is known,
i(7) can be obtained from o(r).
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Convolution and Response Function

Measurement of Response function

@ Response func. of pin-hole

(i(r) = ()
o@)=/g&—£ﬁ@ﬂ£:ﬂﬂ
O(k) = G(k)

o(r): Point Spread Function
O(k): Point Response Function

@ Response func. of slit (i(r) = 6(z))
05 (7): Line Spread Function
O.(k): Line Response Function

Is there an ideal pin hole or slit?

@ Response of edge (ie(r) = 0(x))
(60 : step func., £ =5(x))

§ds = [ ()0

(x—¢)de

ngE—

%?=i/mm

df(z —¢) dz—¢)
d(z —¢) dx
—_—

d
/
/ =1
= o1 €t = g
/91(90) e ket g — /i;; etk g0

= [Oe(z) e—ikzz] (io—t-ikz/oc(x)
—_——

=0 (. 0e(F00)=0)
= ikyOc(ky)

)
By
8
=
\

9:(&) ¢’

e~ gy

Oc(k): Edge Response Function
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Deconvolution Deconvolution

4.3 Deconvolution

A blurred image and the PSF of whole system is known.
— F {Blurred} and F {PSF} are also known.
We wish to reconstruct the true image.

?l

(IFT)TL(FT) (IFT)TL(FT) (IFT)TL(FT)
F {True} (og - F{PSF} (logl--]) F {Blurred} (o)
.7-" { BIurred}
True' = _— Deconvolution
FA{PS F} ( )
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Convolution and Response Function

Example of reconstruction from blurred image

True

In 7 {Blurred} /F {PSF},
it has a divergence if the
denominator is small.
+
Since special treatments
are applied (discuss in later
days) to avoid divergence,
True # Deconvoluted

((IFT)TL(FT)) (FT)TL(FT) (IFT)PL(ET)
F {Estimate} (o) F {PSF} (e ) F {Blurred} (o

X In this example,
it reconstructed only
from
the Blurred image,
i.e., PSF is also
unknown.

true image: http://www-2.cs.cmu.edu/"chuck/lennapg/lena_std.tif
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Noise Reduction using Moving average

5. Noise Reduction using Moving average

| Ave. Method | Num. of Ave. |

Observed data including noise

e ' whole data 1
e e
7 , y Vall Moving Average N ~ Nau

f(z)
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Noise Reduction using Moving average

5. Noise Reduction using Moving average

| Ave. Method | Num. of Ave. |

Observed data including noise

e ' whole data 1
= e
7 , y Vall Moving Average N ~ Nau
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Moving Average Moving Average

5.1 Moving Average

Averages are computed while replacing a part of samples.

f(x)
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Moving Average Moving Average

5.1 Moving Average

Averages are computed while replacing a part of samples.

(@)

mO o0 . . .

o Moving average with 3 points
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Moving Average Moving Average

5.1 Moving Average

Averages are computed while replacing a part of samples.

f(x), glx)
o]
- oy Moving average with 3 points
*s % " g o g2 = (fi+ fo+ f3)/3
u o} o]
o o oo
L o g 8, O
m] o O
[a]s]
o]
T
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Moving Average Moving Average

5.1 Moving Average

Averages are computed while replacing a part of samples.

f(z), g(z)

m N a1} . . .

o Moving average with 3 points

%o " g o g2 = (fi+ fo+ f3)/3
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Moving Average Moving Average

5.1 Moving Average

Averages are computed while replacing a part of samples.

f(z), g(z)
|
- oy Moving average with 3 points
DOI % R o g2 = (fi+ fo+ f3)/3
o]
i g3 = (f2+ [3+ [1)/3
o -
L o g 8, O
m] o O
[a]s]
o]
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Moving Average Moving Average

5.1 Moving Average

Averages are computed while replacing a part of samples.

f(@),g(x)
n
o oy Moving average with 3 points
Do- " R o g2 = (fi+ fo+ f3)/3
o]
i 93 = (fot fs+ [1)/3
o -
DD DD o DD 0
m] o O
[a]s]
o]
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Moving Average Moving Average

5.1 Moving Average

Averages are computed while replacing a part of samples.

f@), 9(x)
. oy Moving average with 3 points
DO-“'D R o g2 = (fi+ fo+ f3)/3
. ; g3 = (fa+ fs+ f1)/3
] ) od g1 = (fs+ fa+ f5)/3
T
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Moving Average Moving Average

5.1 Moving Average

Averages are computed while replacing a part of samples.

f(@),g(x)
| oy Moving average with 3 points
Dom . ° I o g2 = (fi+ fo+ f3)/3
. ; g3 = (fa+ fs+ f1)/3
- ) - g1=(fs+ fa+ f5)/3
T
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Moving Average Moving Average

5.1 Moving Average

Averages are computed while replacing a part of samples.

f@), 9(x)
Do: 8" Moving average with 3 points
Dom 5 R o =(fi+ fo+[f3)/3
. ; 93—(f2+f3+f4)/3
: od 94— (fs+ fa+f5)/3
% 0 % © = (fa+ fs+ f6)/3
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Moving Average Moving Average

5.1 Moving Average

Averages are computed while replacing a part of samples.

f(z),g(z)
Moving average with 3 points
=(fi+fat+[13)/3
93 =(fo+ f3+[1)/3
94 =(f3+ fa+[5)/3
= ( )/3

Jat+fs+ fe

gi = (fi—l. + fi+ fitv1)/3

9 = Zwm’fier/ = Zwmfi—m
m’/ m
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Relation between Moving Average and Convolution Relation between Moving Average and Convolution

5.2 Relation between Moving Average and Convolution

‘ Moving Average=Discrete Convolution Integral ‘

g(x): averaged, f(x): observed

Continuous system: g(x) = / w(z")f(x —2")dx’  (Convolution)

—0o0
o
Discrete system: g¢; = Z Wi fi—mAx (fi = f(z))
m=—00
If m is finite (N, = 2N + 1), fla) gla) .
N n. = o : 5
gi= Y Bnfiom (Bm=wnda) ()] " ;
m=—N =2
0o DDD o DDDD 5
/ w(z')dz’ =1 (Normalization) oo :
—00
@)
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Simple Moving Average Simple Moving Average

5.3 Simple Moving Average

Weight w(x’) inside the window is constant

const =w | |2'| <

N, Ax
w(z') =
0 (elsewhere)
From Eq.(2)

o0
/ w(z') da’ = Ny, Azw

—0o0

=Nyw=1

1

o 5 (ml=m)
0  (otherwise)

oo oo >

BN ¥ 1)Az = NA
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Simple Moving Average Simple Moving Average

Comparison of Noise Reduction (original signal)

Before averaging  f; = fi + n

(f: obs., f: true (unique), n: noise)

(Measurement infinite times: )

fz] (jE{l,"',OO})

@ Average with respect to j:

E[fi] ZE[ﬁ+ni] ZE{sz} +E[n] = fi

— D
=fi
o Variance: |Another method to evaluate variance
If two signals a and b have no corre-
=E E[£])? }
of, = B[(fi ~E[f]) ]~ lations,
= B[((fi +n) - i)?] oy =oitar
; and n; have no correlations, and
—F 2 2. — 2 fz an i ) )
[ ] Tn: = %n 02 =0 because f is unique.
. UJ% = ofl + 0 = a?l
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Simple Moving Average Simple Moving Average

Comparison of Noise Reduction (Moving Average)(1)

@ Variance: =fi

% =B [~ Bl = [{({7), + ) - (£}, }'] =B [2]
(i) ()]

N2 ZZE i—m Tl — m

"™ The variance depends on the auto-correlation of noise.
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Simple Moving Average

Simple Moving Average

Comparison of Noise Reduction (Moving Average)(2)

Variation depending noise property

7 = S S Bl i

2
m

@ Case of White noise:
(ni—m and m;_y, are independent.)

E [ni—mni—m’] = 0-1215m,m’

m  m/

@ Case of Low frequency noise

(Miem >~ i)

Enj—mni—m] =~ 0721

2
=02 N
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Simple Moving Average

Simple Moving Average

Comparison of Noise Reduction (Summary)

Original Moving Average
Ave. fi <ﬁ> (Smoothed True signal (drawback))
White Noise (Best) | Low frequency noise (Worst)
o 2
Var. o2 N On

m
reduced to 1/N,,times
(advantage)

Not reduced

7/
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Simple Moving Average

Spectral Gain of simple moving average

Fourier Transform of w(x’)

1
N — 75 =
w(z')=w= X,
<\x’! <X, = N’"Aw)
2
o0
W (k) —/ w(z' ek da!
—00
I
— —tRT d(L'I
2X.0 J_x
1 —i i
_ _2Zka( kX m €+ ka)
in(kX
= smlg:( m) = sinc(kX,,)
m

gl

Simple Moving Average

-X m 0

—_

WO

(0 = kX,)
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Simple Moving Average Simple Moving Average

Spectral Gain of simple moving average (cont.)

Moving average can filtrate higher
frequency components.

However,  G(k) = W(k)F(k) = W(k) |F(k) + N(k)

Since the higher frequency components of the true signal, f(x), are
reduced as well as those of the noise (n(x)), the true signal is distorted.
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Simple Moving Average

Distortion and Spurious Resolution

5.4 Distortion and Spurious Resolution

Distortion of true signal by moving average

N, m
3

t

11
13

17
19
21

(f(x) = sin((ko + fa)z), of =0)

@ With increasing number of
sampling N,,, intensity of higher
frequency components become
smaller.

l
The choice of appropriate IV,,
is important.

@ When N,, is large, intensity
becomes larger at higher frequency
but those patterns are inverted.
(Spurious resolution)
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Simple Moving Average

Distortion and Spurious Resolution

5.4 Distortion and Spurious Resolution

Distortion of true signal by moving average

N, m
3

t

11

13

17
19
21

(f(z) = sin((ko + %2)z), 02 =0)

(Contrast is enhanced)

@ With increasing number of
sampling N,,, intensity of higher
frequency components become
smaller.

+
The choice of appropriate IV,,
is important.

@ When N,, is large, intensity
becomes larger at higher frequency
but those patterns are inverted.
(Spurious resolution)
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Simple Moving Average Distortion and Spurious Resolution

Cause of Spurious Resolution

1
=31 =27 w0 ™ T 3r 0
(0 =kX,,)

With increasing k, W (k) is reduced. | The spurious resolution is found in
W (k) becomes 0 at kX, = 7. other filtering.

After that it becomes negative.

W (k) < 0 — Inversion of intensity.
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Noise Reduction using Moving average Multiple moving average

5.5 Multiple moving average

In the case of applying two times,

9i = Zwmfi—m
m

hi = § Win! Ji—m/
m’

(91 =D ficrm) NI T W
m
N N
= D D UwUmfiwm Applying multiple moving aver-

m/=—Nm=—N . . .
age is equivalent to moving av-

erage with which central weight

When N,,, = 3(N = 1), w,, = w), =1/3 ) . . .
m = ):tm / is larger than neighboring points.

o _fie+2fici +3fia + 2fin + fire
;=
9
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Noise Reduction using Moving average

Spectral Gain of Multiple Moving Average

In the case of two times,

@ Further reduction of higher
frequency components is applied.

@ No spurious resolution.
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Noise Reduction using Moving average Higher order Moving average (Savitzky-Golay filter)

5.6 Higher order Moving average (Savitzky-Golay filter)

For each 1,

@ Represent the smoothed function g;(x;)
by a power series expansion.

(JG{Z_Nva’L"i'N}) f’*ol g
(In the case of second order expansion,) {o; \9\”
//,/: 2 : \\\\
gi(xj) = ai(xj — )% + bi(xj — 23) + ¢ I

= aiAxf,i + biA{EjJ' + ¢ —t—t—t+—

Ti2Ti—1 Tj Tip1Ti42

@ Using by the least square method, determin the parameter a;, b;,
and ¢; which are the parameter of the fitting function g;(z;).

@ The moving average at the point ¢ corresponds to the value of the
fitting function at the z; = x;; i.e gi(z;) = ¢;.
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Noise Reduction using Moving average

Least square fitting to the parabolic function

Fitting function
gj = an? +bAz; +c ((omit 7))

Minimize Average of square residual, E:

| N
E(a,b,¢) = 37— (95 = f)* = (g — Fi)?
j=i—N

minimize E(a,b,c) <= %—? =0 ((£€{ab,c})

% = 209;(€) — ;)% = 2(g;(€) — f;) 24

%:Ax?, %:ij, %:

Ax? Al’;’ AJUJQ- a fjAg;?

Ax? Ax? Ax; b | = fiAz;

Ax? Az; 1 ¢ [
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Noise Reduction using Moving average

Least square fitting to the power series

Fitting function ( o8 _ 0 (7 12— a(f - ik
. =2 (fial—Fal) =0 (2L =4l
ZZalazl, ( i ml) ( da; 1’)

= N
a’:((IO)ab“' 7aNl) Z l+m fZ
=0

Sampling points (known)

. O T ... N ao fixl
(@i, fi), i € {1, N} o || fia!
Minimize Average of C oo Sl .
square residual, E N 2N ... pNa an, fix
N;
E(a) = Z (zi;a) — fi)? The parameter of the least square fitting
i=1 to power series function (non-linear func-
= (f(zi;a) — fi)?2 tion) can be obtained by solving a set of
minimize E(a) < 9E _, linear equations.

8(11
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Noise Reduction using Moving average

Moving average by parabolic fitting

Aac? Ax? % a 17 AIJQ-
AIj Aisz A.’Ej b = fjégjj
Aaz? Ax; 1 c fi

In the case of N,,, = 5(N = 2)

Azj=0, Ard =0,
Tz?/AZ _ 22D (D)2 (42)? 2(12;22) _9

3

- 4 4
Ard/nt =240 _u

YA 0 fAa3
0 2A% fiAz;
2470 i

SASF; — 41T A2
By o
B8lf2+ fo1 + fot+ fi + o] po
5
AP o+ (C1Pfa+ o + 120 + 2HA%
5

= A (8 —10) (fot fra) + (B = ) (for + f11) + Eo)

c=

“&4 A4 0 2
2A2

0

Num. =

gi=¢
1 fi
=—(-3 12 17 12 -3 -2
35( ) fi-1
fi
fi1
fi+2

@ The weight at point i is
maximum.

@ The weights at both ends are
negative.

W (k)

W (k)

@ W(k) is flat in low frequency.
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Noise Reduction using Moving average Gaussian Filter

5.7 Gaussian Filter

Gaussian filter:
= Moving average with which the weight, w(z’), is a Gaussian

function.
w(x) = ! e_% =z W(k) = 6_% (a = i)
V2o, L

(proof is shown in the next page.)

@ W (k) is a simple decreasing function.
@ W(k)>0 —  No spurious resolution.
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Noise Reduction using Moving average Gaussian Filter

Fourier Transform of Gaussian function

(%)

v 1z
W(k) = F{w(z)} _ 7 iy R R
L I e
N / e wie " dy e ;

co—ib c |-
V2roy J—oo / — (R o0)
(X =

\faw) —oco—ib ((l)\loo poles)
1 o3y —(X+ikog)? /e_z2 dz=0 —1= e da
= ﬁe 2 /;OO ! dx c —00

2 B 1_p2 2 < —(2%+y?)
= e_UTzkz = 2% (o = é) "= /o</ ¢ dz dy
2
_ 2% o2k2 / / Td9 dr t= r2)
]"{e 203 } xe "z

..fzf
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Noise Reduction using Moving average Cummulative Average of muliple measurement

5.8 Cummulative Average of muliple measurement

o N, sets of measugement @ Variance of g; : X # Var. of f;)
1 =i+ o =E[<gi—E[gi1)2] - {(f@ i) - 7}
(kedl,- Nk}) ) ,
o Cummulative Ave. =E [«ni»z} =E [szngk)"gk )}
LA 2
W= 1Ny 1 "
il | il g
In 0
o Cummul. Ave. of f; ) 2 ")
rs E : E [n
s (= fitmy | _ZP[0)] spEpt]
Ni Ni
Ni 2
@ Expected value : E[g;] _ LQ o2 = In
Blg] = fi + El(ns)] =T
N S——
=({(E[n; 0
=fi D= \/02, is called standard error.
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Noise Reduction using Moving average Cummulative Average of muliple measurement

Comparison of Cummulative Ave. and Moving Ave.

.. Moving Cummulative
Original
Average Average
Ave. fi <fz> fi
m
2 2
o o
Var.” o2 — o
" Nm Nk
*  for White Noise
N, : Number of averaging samples
N : Number of times of measurement

@ The expected value of average is distorted by moving average, but
not distorted by cummulative average.

@ The variances become smaller for both averaging.

@ If we can obtain measurements under same condition, cummlative
average is superior.
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Noise Reduction using Moving average Propagation of Error

5.9 Propagation of Error

Two independent measurements, f and g (|df| < |f], |dg| < |3]) :

g

~~ N

f=Ff+df, E[f)=f, E[df]=0, E[(df)?]
g=g+dg, Elgl=7g, Eldg=0, E][(dg)?]

Q@ N

g

Consider evaluetion of a new result :  h = h(f,g) = 7L(f, g) +dh(f,g)

@ Average: @ Variance:
an="20 a4 B gy of = B[(dh)?] = E [ (Wydf + hydg)”]
Nia %97 = E [f] +hE B [dg’] 2] +21;hly B [df - dg]
=h df + h;dg —_————
2 02 =0
E [dh] = I}E [df] + hE [dg] i 3

IR B R

E[h] =E[h+dn] =h(f.9)

Vo
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Noise Reduction using Moving average Propagation of Error

Example of Error Propagation

h=hif.9) ,
2 _ (on P ah P
7t = (5 E) o+ (89‘%) %9
@ Add. and Sub. @ Mul. and Div.
» h=f+g » h=f-g
o = 0%, = 0% 0 =%, = o)+ 20
»h=f-g a}% 0']2c 0’3
o2 =02  =o0%+02 =45t 3
h = %f—g FT% h? 2 g2
H Sum of each Variance. H > h =2f/g , L e P
Th =% = @95 T %
i, o
h2 f2 g2
” Sum of each normalized Variance. ”
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Image data

6. Image data
6.1 Image sensor

@ Image Sensor

» CCD (Charge Coupled Device)
» CMOS (Complementary MOS(Metal Oxide Semiconductor))

Image sensor

| Tcco [CMOS |
detection Photo diode (Photo electron emission/excitation)
Sensitivit
y High Low(High recently)
Amplifier, . .
A/D converter one for whole pixels one for each pixel
Readout Bucket relay Addressing
(only whole pixels (possible to read
reading) one pixel)
Defect pixel
erect pixe None Existing
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Image data

Image sensor

Bucket Relay

Photo diode

i~ Sy Wy W
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%%@EE&E&E

%%@EE&E&E

%%@@E&E&E

%@@EE&E&E

%@@EE&E&E

EWEWEWEWEE“—@:E
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Image data

Color Camera

@ three chips  (high quality)

Separating color by using prisms,
each of which can reflect a
certain color. Separated beams
are detected each sensor.

R

Image sensor

@ one chip  (small size)

Color filter is placed in front of
sensor.
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Image data

Signal to Noise ratio and Resolution

6.2 Signal to Noise ratio and Resolution

@ Charge accumuration by photo

diode
inl)
I(t)
A L c ?SW

PD —|_
1

O

o

@ Incident Light I(t) o 4, (t)

» SW=ON(close) : wvout(t) =0

» SW=OFF(Open) (t = [0,
Vout(T) = & f im(t)dt
If I(t) =1 (const.),
Vout (T) =kIT.
Signal is proportional to T'.

Uout(t

)

)

@ [ includes fluctuation :
It)=1+6I(t) — 1 +os
Svout(T') = k [ 01(t) dt

T Jy O1(t)dt = ()
= Cummul. ave. of 01(t)
osIy X O’5]/\/T ((51 is White)
Tvou (T) = Toysry = K'osrV'T
Noise is proportional to /T

Signal to Noise Ratio S/N :
S/N o< VT

The quality of signal increases

with increasing T
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Image data

Signal to Noise ratio and Resolution

@ Area of Pixel A

@ Resolution
in(t) [ 1(t.2.9)
A

» Temporal resolution <Exposure
time

> I(t,z,y)=1: » Spatial resolution < Pixel Size

Vout (A) = kTA
Uout 1S proportional to A.

7 S/N | Resolution
> Itay) =1 +01(ta,y) : Larg/er Smaller
Mous = k fA 0I(t,z,y)dA is better is better

osry < os1/VA _
Tvge (A) = K a5V A time || oc VT T

Vout IS proportional to v A.
out 1> PTOP space | oc VA VA

Signal to Noise Ratio S/N :
S/N x VA

The quality of signal increases

with increasing pixel size A.

99 /197



Image data

Discretization and Quantization

6.3 Discretization and Quantization

@ Discretization and Quantization
Continuous function f(z)
(z e R, f(z) €R)

» Discretization:
(Digitizing Domain)
T, =nAx, n €7

» Quantization:
(Digitizing Range of f)
fm=mAf, meZ

@ Image Data
» Pixel : Discrete point
& L,jEL
(e.g. 640x400, 1024x768)

> Intensity : Quantized of

brightness
= Iiﬂ' S/
A/D (Analog to Digital) converter
e.g.
8bits (0, -, 255)
10bits (0, --, 1023)
12bits  (0,-- -, 4095)
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Image data

6.4 Correction of Intensity

"y correction ‘

Displ
1, Reed g PERY

7

o Display device
Gain of CRT is not linear
= Lo X fr
I, < fi* (e.g. vq=22)
@ Recording device
froc "

. _ JTYrd
L, =1

Correction of Intensity

@ In general, recording device has
Y = 1/74 so that I, = I;.

@ This is not appropriate to
quantitative processing.

o If we wish quantitative
evaluation, apply the cancelation
of the « correction

r_ 1/’Yr I
f=n"ol.

1

0.8

0.6

Output

0.4

0.2

0

0 02 04 06 08 1
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Image data

6.5 Image format

@ Single format

Image format

‘ Format H Name Color ‘ bit ‘ Compres. ‘ Revers. m‘;g; ‘
PBM | Portable Bit Map White/Black 1 X O X
PGM || Portable Gray Map Gray 8 X O X
PPM Portable Pixel Map RGB 3x8 X O X
GIF Graphics Interchange | RGB 3x8 O O O
Format

JPEG || Joint Photographic RGB 3x8 O X X
Experts Group

PNG | Portable Network RGB-alpha* | 4x16 O O X
Graphics

*

@ Integrated Multiple formats

. alpha is a channel for transparency

| Format || Name

PNM || Portable aNy Map (PBM, PGM, PPM)
TIFF | Tagged Image File Format
BMP Microsoft windows BitMaP

102 /197



Simple filter for image using convolution Smoothing using Moving Average

7. Simple filter for image using convolution
7.1 Smoothing using Moving Average

9= Wmanfitmjin  mn€—=N,...,N, Np=2N+1
m,n

size Simple ave. Square pyramid circular Gaussian like
1111 1111 01110 1121
3x3
1111 1121 1111 21412
N, =3
<N:1) 1711 1111 01110 1121
x1/9 x1/10 x1/5 x1/16
11 |1]1(1 11|11 (1 0/0]1]0]0 114|641
55 171 1]1(1 1121221 0j1(1|1]0 4116|24(16| 4
X
N = 5 171 1]1(1 112|321 1(1(1]1]1 6 124136|24| 6
(1\}";2)11111 tl2)2f2ft|[lolr|t|1|o]|]|]4]16]24|16]4
171 1]1(1 11111 070]1]0]0 114|641
x1/25 x1/35 x1/13 x1/256
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Simple filter for image using convolution

Smoothing using Non-linear Filter

7.2 Smoothing using Non-linear Filter

Since the moving average losses higher
frequency component, edges and corners
in the original image are blurred.

fixmjsn
olofololol| wnn
olofolofol 1|11
ololofofo |1]1]1
olof1sfi8]18] [1]1]1
0]0][18|18]18
9ij
036
_lof3]e6
T lo|4]8]|12]12
0|5/10{15[15
016 [12]18[18

@ Median filter
Reducible the blurring edges

@ Adaptive local averaging
filter
Reducible the blurring
corners

Note:

These filters are irreversible.
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Simple filter for image using convolution Smoothing using Non-linear Filter

Median Filter

Replace the pixel value at the central pixel in partial region by the median
in the region.

fij sort and select median ‘Reduction of blurring of edges. ‘
D3| O: 1,123 4,556,8 Input:
Medi
30|® [l 4457e|an AR R
®lol® ' ' 010]19]9]9
Median: 45 =45

207 010]19]9]9

12038 I 0]0]18|18[18

Py gij 0]0]18(18]18

3.52.5] 4 2.5/ 4 k| k| x| x|k . . .
Moving Average Median Filter

4.5/4 155155 |4 x| x| % 0131619 olololo

N =

4.5/5(5]16 1|6 AN 0131619 olologlog

215|565 il ol Mol 0]4]8]12]|12 0101919

1.5/ 2 |4.5| 6 |4 * [k | k| % (4.5 o5 l10l15]15 010]9]18]18
0]6]12/18]18 0]0|18|18]18
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Simple filter for image using convolution Smoothing using Non-linear Filter

Adaptive Local Averaging Filter

Sampling patterns: Reduction of blurring of edges.
Input Moving Average
ololo olo 00191919 013(6(919
0|00 0|0]|0 0|00 0/0(9]19/9]|]0(3]|6[9]9
O|®|0 ® ®|0 010[9]9]9||0]4]|8]|12]12
0O|0|0 0018|1818 |0 |5|10|15|15
9 points 7 points 7 points 0]0]18]18]18] 0|6 |12]18]18
(Symmetric(x1)) (X 4 patterns) (x 4 patterns)
(9] (N,W,S,E) (NE,NW,SW,SE) Median Filter ~ Adapt. Local Ave
. 010999 [ofofola]9
@ Evaluate variance for each pattern.
2 C, N,W,S,E, NE,NW,SW,SE 0101919 19110]01919]9
Ty (P € {C NWSE, NENW,SWSE}) o[ofolo]9]0lo]9]9]9
. . 0]0|9|18]18
® g;; is taken as the average fi(p.) with 0]0]18]18/18
> »J 0|0 |18[18|18( |0 |0 |18[18]|18

minimum variance o(gp).
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Simple filter for image using convolution Remove defect pixel

7.3 Remove defect pixel

@ Defect pixel : Pixels with f; ; =0 or f; ; = 255(Max.)
@ Reason : Difference of gain between pixels.

@ Apply the Median filter to only the defect pixels.

Median for Median for
Original Defects whole image defect pixel

removed removed
smoothed Not smoothed

defecs
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Simple filter for image using convolution Edge detection

7.4 Edge detection
Edge: Points having local maximum of the gradient (|V f).

‘ Edge detection by gradient‘

gij = wm,nfi mjn m,n e_—N ..... N
@ Derivative ! ; gt ( Np=2N+1 )
ﬁ = lim w ‘ Examp|e of Wm,n ‘
dx A—0 A
=£§OW e Vf- e, OVf'(em—i-e/)
0(0]0 0l0 ﬁ
@ Difference(A £ 0 =1 I
( 7 ) 2 2 0[{0]0
-1
5 fle+8) - fle-2) 010]0 5400
Az ) 2A o Vf-ey o Vf-(e,—ey)
= o (fir1 — fi-1) oliTlo —
: =00
4 Af (2) 2/3
dr ~— Az 0 0
=1 1
V0 0101573
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Simple filter for image using convolution Edge detection

Example of Edge detection

o Vf-e; Vf-e, embosses image.

@ By Vf - e, the vertical edge can be detected,
but horizontal one cannot.

@ |V f] is useful for edge detection.
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Enhancement of Edge

Simple filter for image using convolution

7.5 Enhancement of Edge

‘ Using Laplacian ‘

Second derivative

Consider curvature (f”(z)) o Ldim. f = f! f
-am. Ji = Jiv12 — Jie1y2
() = fir1 + fio1 —2f;
o o 2-dim. Laplacian(V2f)
fi) fiy = fivvg+ ficrj+ fignt fij1—4fi;
(@) In the case k =1,
Flx) = kf"(z) f (V2f) f=(V*f)
0[0]0 0111]0 01|—1] 0
0(1]0|—|1|-41|=|-1|5|-1
Enhancement of Edge : 010]0 01110 0]-1]0
g(r) = f(r) = kV?f(r)
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Simple filter for image using convolution Enhancement of Edge

Example of Edge Enhancement(using Laplacian)
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‘ Using diff. from Smoothed ‘

Consider diff. from smoothed one | In the case k = 1 and 3x3 simple ave.,

(f(z) = f(2) g=2f-f
2f f 2f - f
- o[oo] 3T FRE
F@) ~[AT3T3] =T
Af() = J(z) - f() of 5lsls] BlFlE
flz) = kA(z)

Enhancement of Edge :

g(r) = f(r) = k (F(r) - £(r)

=1+ k) f(r) —kf(r)

112 /197



Simple filter for image using convolution Enhancement of Edge

Example of Edge Enhancement(using diff. from smoothed)
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Simple filter for image using convolution Frequency distribution (Histogram)

7.6 Frequency distribution (Histogram)

Histogram — Used for binarizing or labeling

Frequency distribution of Image (512x512)
2500 /\
2000 /*\ IR
oo | TN
500 ) \\

0
0 64 128 192 256
Intensity

In this example the thresholds are about 64, 100, 126, 180.
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Simple filter for image using convolution Binarizing

7.7 Binarizing

Binarizing : Distinguish either true or false of a condition

1: True, 0: False
. . f>128 =128
@ Comparison with threshold , :

eg f(z,y) > fm
@ Solutions (Points) of equations
eg f(z,y)=a

Solution of f(z,y) =a
(f(z,y) —a)- (f(«,y) —a) <

((z',y)is adjacent pixels of (m,z ))
In the case of 4 direction search:
+|+ |+
DD+
raya)
\wilw)
—_

o

of

| DD+

++ [+

DD

<]
U
=
V)
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Simple filter for image using convolution Partitioning

7.8 Partitioning

(Max: White, Min: Black)
2 2
81 [-20,20] o [-20,20]

Partitioning by Edge

Edge: Points with local max. of |V f].
—  Solution of V2f = 07?

2
V2f BzJ; + g 4

y?
Even if 24 40 and 2 3 1 +£0,
in the case of%:—g%’;,
Vif=0. —X

dz2

= {(%y)

However, this is also inappropriate.

*.» The second derivatives have
high frequency component,
there are many zeros.

o2 f —0, 622_0}

=0 : White
# 0 : Black
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Simple filter for image using convolution Partitioning

Improvement of the solution search algorithm

. 2 i . .
Methods to find the sol. of % —0. Slmpl‘e method Ave. of Half shifted pix.

@ Simple search
P Bl <0 or f 5L <0
— Broaden

@ Use of average of half shifted
points.

" " " __
iv1y2 Jil1p <0 = fi'=0
VR [ %)
i+1/2 = T 2

— This can avoid
broadening.

(White:Solution)

Solution is improved. However, it remains many solutions because of
higher freq. components.
—Coupling method with other methods is required.
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Simple filter for image using convolution Partitioning

Edge detection by |V f|

Edge: Points having local maximum  Variance of gradient

of the gradient (|V f]).
= Points having large gradient.

2 2 2 ~ ovf
A A A Al 1T
Problem :
@ Appropriate threshold Condition of edge:
VAT > 1V flo o [VfI >Vl

@ Broaden edges ® Oy < Ovyy

» Use with the second derivative. ° *f _ 9*f -0
» Use of variance of gradient. 922 892
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Simple filter for image using convolution

Example of Edge detection by |V f|

ovy/ IV <0.7

ovs/ IV <07,

ovs/ IVl <07,
s

Partitioning

Vil >8,
ovs/IVf1 <07,
f’m’z = .f'y’y =0

Disconnected edge
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Simple filter for image using convolution Partitioning

Expansion and Contraction of Binary image

@ Expansion o Contraction
1 One of neighbors has 1. ~_ ] 0 Oneof neighbors has 0.
ig = { 0 otherwise 93 =1 otherwise
Connect regions Disconnect a region,

Remove isolated point.

Original ## Original ##
! H U T
Expansion o B Contraction
B
o i ]
. HH . NN EEEE
Contraction ¥ o Expansion
= H aE NN REE
Expansion# Inv{Contraction}
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Simple filter for image using convolution Partitioning

Connection of Edges by Expansion

Expansion
+
Expansion

!

Expansion
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Simple filter for image using convolution

7.9 Painting (Labeling)

Until finding border set mark

Painting (Labeling)

begin function flood_fill(i, j)
if flag L; ; is not marked then
set flag L; ; = D as internal
call flood fill(i+1,5 )
call flood £ill(i ,j+1)
call flood fill(i—1,7 )
call flood £ill(i ,j —1)
end if
end function

begin main
set flag L; ; = B for boundary
select initial point (i, jo)
flOOd_fill(’io,jo)

end main

Recursive coding
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Simple filter for image using convolution Painting (Labeling)

Example of Painting

Connect broken edge
(Exp edge 3times)

g’ ?‘\ ﬁ&(".,: l‘.'

Original Edge detection

Flood fill

Paint isolated
(Expand region 3times
Contract reg. 3times)

Widen region
(Expand region 3times)

merged
(with detected Edge)

This method requires several try to tune parameters.
Unfortunately, there are no automatic methods.
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Noise Reduction using Spectrum

Wiener filter

8. Noise Reduction using Spectrum

8.1 Wiener filter
Model of Observation :

x(t) : Observed (known) X (f) (known)

Z(t) : True (Unknown)
n(t) : Noise (Unknown)

Lo i
L W I

X(f) (Unknown)
N(f) (Unknown)

a(t) =2(t) +n(t) (1)

X(/)] (known)
X (f)| (Unknown)
IN(f)| (unknown), |N’(f)| (known)

[N'(f)| : sustitute of [N(f)],
< white/red, O'Z ..... >

log

1
#(t)?
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Noise Reduction using Spectrum Wiener filter

Parseval’s theorem

Parseval’'s theorem 00
= i A= [ atye
D12 dt = A 2qf (2 oo (3)
[ lawfat= [lanE @ @ o) = [ At

(Proof)

LHS = / < / A(f)etim it gr /f , A*(f)e 72" df’) dt
/ / DA () / +i2e(F=I0t gt qf' df

=5(/—f")
// DAY — 1y ar'df

:/ ())A*(f df:/ IA(f)2df = RHS
f —00
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Noise Reduction using Spectrum Wiener filter

Spectral product of Non-Correlated Signals

If a(t) is independent n(t)
[N i = Cont0) 0 (4)

Integral of spectral product of Non-Correlated Signals vanishes.
Proof.

/A"< (f)N(f) df (Express A(f) and N(f) by FT)

= //a*(t)e+j2ﬂft dt/ n(t/)e_j%ft/ dt' df  (Exchange the order)
t/

// / +]27\'f(t t ) df dt/ dt <f e+j27rf(t—t’) df — §(t _ t’))
t/
= /a*(t)/ n(t)o(t —t')dt' dt = /a*(t)n(t) dt = Cypn(0) = 0.

t 4 t
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Noise Reduction using Spectrum

Wiener filter

Filtering function in Sprctral domain ®,(f)

2(t) = 3(¢) +n(t) @aner (1)

X(f)=X(f)+N(f) x.8.5e0)

(5)
X(f) = X(f)®a(f) (6)
) =F{xXn} (7)

®,(f) € R : Filtering function
X(f) € C : Estimated spectrum
Z(t)  : Estimated spectrum

@ Determine Z(t) so that the residual
is minimized.

(Integral of residual)

E= /|x

2(t) dt (8)

@ From the Parseval’s theorem

E:/mt) —Z(t)]? dt
/’X ~X(f

=I( f)>0

@ Since integrand I(f) > 0,
Minimize E < Minimize I(f)

. @ . for aéllg)
ob,

(Stationary condition)

" (9)

- 2 2
E:/’X—X‘ df:/‘chz—X’ df
FE is the function of the function @,
This is called functional.
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Noise Reduction using Spectrum Wiener filter

- s 2 or
I= ‘X X‘ ‘X@IQ—X‘ o= (‘X‘ (@ —1) + N2 @ ) 0
=&+ Me, - X[ =[R@ 1) Lo, XL
~ v \X\ +|N|?
= (X (D, — 1) + NO,)* (X (D, — 1) + NB,)
- ) ) Wiener filter
:‘X‘ (B, — 1) + |N|> @2 L2
%)
R EI/A (I)x(f) =12 2 9
RN T IN@, - Do, [+ v
Integral over f vanishes.(". Eq.(4)) (11)
E:/Idf:/[’df 0<@(f) < 1)
. ’)?)2(<I> 1?4 NP2 >0 However, this form includes FT of
‘ e / true solution, X (f).
minimize £ < minimize I’ < gq{z =0
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Noise Reduction using Spectrum

Wiener filter

Representation of filter function using observed value

<§22+N)
X =X0o,
L{X—Xr:u@f4X—NW
=|X(®, — 1) + NP
= (X(q)z_l)'i'N)*(X(q)z_ 1)+N)
=X (@, —1)? + NP
+ (X*N 4+ XN*)(®, — 1)
X*N + XN*
( = (X +N)* N+(X+N)N*)
= X*N+ XN*+2|NJ?
= |X[*(®, - 1) = N[’ + 2|N]* 2,
+ (X*N + XN*)(®, — 1)

Since [A*Ndf =0 (Eq.(4))

the last term is removed from I.

0P,

E:/Idf:/[’df

I'=|XP (@, —1)° —

INP +2|N* &,
or
=2 (|X (@, = 1) +|N]?) =
X = INP X NP
X xP
(- N ~N)
(All vars. in RHS are known.)

- &, =

XN = IN'(HIP
X ()

(I)a:(f) =
(12)
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Noise Reduction using Spectrum

Steps to Apply Wiener filter

Wiener filter

XN
@ Measurement of z(t)
® [X(NI = |F {z(t)}[*

a |V
» Measurement of n(t)
(without signal)
IN'())IP = |F {n'(£)})?
» If impossible,
detemine considering property of

noise.
e White : |[N'(f)| = const

e Brownian : |[N'(f)] ﬁ

2 i 2
D, (f) = |X(f?|X(f|)JT72(f)|

» If®,(f) <0, D,.(f)=0.
(irreversible)
Wiener filter only corrects the
amplitude, it does not correct

phase.
(P, <0< |Dyle ")

@ (1)
© X(/)=X(H)Pu(f)
@ (1) = 7 {X(/)}
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Noise Reduction using Spectrum Wiener filter

Example applying Wiener filter.

0.001

0.01 0.1

o
n
o
N
o
D
o
@
o
[N
o
o
[N
N
o
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Noise Reduction using Spectrum Wiener filter

Example applying Wiener filter.

0.001 L .
0 20 40 60 80 100 120 0.01 0.1
t f
), X(f)
N'(f)
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Noise Reduction using Spectrum

Wiener filter

Example applying Wiener filter.

2_ / 2
D, (f) = \X(f)|IX(f\)J\‘72(f)\

100

0.1

0.01 ¢

0.001

0.01 0.1

= O,(f)

0.8 r

0.6

0.4

0.2 r

0.01 0.1
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Noise Reduction using Spectrum Wiener filter

Example applying Wiener filter.

= X2 — NP2 = IX(f
e = WU — VO = X0
2 o
?i’ o0& % 10 ¢
Wy "o
A D §P§u 1}
0 D% EE;‘? ﬁ:gua {
L] . 0.1
SR W A
g% o » ¥ 001 |
2 0.001

z(t), X(f) R
N'(f) 08
_ XN 06|
({),I(f) B W 04t
X(f), z(¢) .
0 ]
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Noise Reduction using Spectrum Wiener filter

Effect of |[INV'(f)| (White Noise)

< (t) = sin (72]/’4) + ;sin (T/16> +n, o2= 0.09)

= X(OP — NP = IX(P o [X(F — V(P - [X(P
100 100
10 10
1 1
02 =0.09 02 =0.27 o
0.01 0.01
0.001 0.001

0.001 0.01 0.1 1 0.001 0.01 0.1 1

— B(t) o at) = (1) — Bt) o at) = ()

o1 o T 1A2]=0296  [[AF][=0.145 o[ o T 1A2]l=0296  [[AF]],=0.065"
F r.J) [m)
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Noise Reduction using Spectrum Wiener filter

Effect of |NV'(f)| (Brownian Noise)

(2(0) = sin (381) + sin (285 ) +7, a=002, o2 =004 (N =27)

= [X(f)P — NP = IX(DP = X — NP = X()P
100 100
10 10
a=0.02, a = 0.03,
1 1
7! 2 N/
IN(0)] IN'(0)]
=27 =27
0.01 0.01
0.001 0.001
0.001 0.01 0.1 1 0.001 0.01 0.1 1
— Z(t) o zt) = I(t) — z(t) o xzit) = Z(t)
2| g [1Acl=0.416 [[AF]l=0213" ] 2| g [lAdll:=0.416 [|AF],=0.176
| |

0 20 40 60 80 100 120 0 20 40 60 80 100 120
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Noise Reduction using Spectrum

Wiener filter

Comparison between Wiener filter and Moving average

(x(t) = sin (%—’;ﬁi) + 3 sin (%) +n, o= 0.09>

Wiener filter
(02 =0.27)

= [X(NP — NP = KPR
100

10

1

0.1

0.01

0.001
0.001 0.01 0.1 1

— F) o alt) = F)
" [A2]2=0.296  |[AZ]]2=0.065

Mov. Ave
(jvm = 7)

— 3

0.1

0.01

0.001
0.001

o x(t) u

0.1 1
0

0.01

o [|Ax][,=0.296
u]

|[AF||,=0.317
a]
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Noise Reduction using Spectrum Wiener filter

Summary of Wiener filter

In the case where z(t) and |N'(f)| is known:

X(f) = F{az(t)}

_ XN
a(f) = X ()P

X(f) = X(H)®:(f)
i) = FH{X(n)}

@ Wiener filter can be taken into account of Noise spectrum.

@ Wiener filter is applicable when the spectrum of signal has several
peaks. This is different from the moving average.

Wiener filter is called ‘Optimal filter'.
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Noise Reduction using Spectrum

8.2 Wiener deconvolution

@ Model of Observation :
y(t) = h(t) = 2(t) + n(t) 1)
(y(t), h(t) : known)
Y(f)=H(f) X))+ N(/) (2)
(2-2)
IN(HI~ IN'(F)] (IN'(f)] : known)
3)

@ Estimation 7 :
X(f)=W(HY(f) (¥.€C) (4)

~ ~ 2
minimize E = / )X fX‘ i (5)
I
oF
— ov, 0 (6)

1’:’(%-

Wiener deconvolution

Integral=0

p= [1pa = [16)d

1

H

+ U,

)

2

NP
H*

NP2

| HP

L NP2
+ Wy i
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197



Noise Reduction using Spectrum Wiener deconvolution

Wiener deconvolution

98 =0or 9E =0 Wiener deconvolution :
o o @y (f)
_ Y
E:/]’(f)df () = P @)
2 2 / 2
p:!(‘Pz—%)Y!?_% q>y(f):|}/|;¢§f)| ®)
L g ! Y(f)
9 2 X(f) :\I}m(f)y(f)
o, (18— 4)¥T) Y einy 9
= (0= e — ) 7P) = FpH Y O

= (¥ —4) IV , o
or N2 Spectrum of Wiener deconvolution is
50 = (O, — &) Y+ 5 =0 equivalent to the divided spectrum of
* the spectrum applied Wiener filter to

LY VP

v, = — I Y(f).
—————
=, if [N|=|N'|.
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Noise Reduction using Spectrum

Wiener deconvolution

In the ideal case of N'(f) = N(f)

__ mxf
= THRR[HNE (10)

o H#0and N=0:
(Ideal case)

<)

o H=0and N #0:
U, =0 — X=0

(Cannot restore)

@ H=0and N =0:
i |l
lim < lim |——5—
H—=0 [ N=O0 | [H[?|X| +|N|?
“aso || T

=12
. . H*|X
lim § lim %'— =0
N=0 | H=0 | [H[?|X| +|N]|2
Estimation is impossible.

(It takes different values, if the path to
take limitation is different.)

_ (Consider as X(f) = 0)

If H=0, X cannot be detemined.

to obtain z(t).

138 /197



Noise Reduction using Spectrum Wiener deconvolution

[0,255] [0,1/(2r02)] [—64, 64] [0,255]

O'%Lk2
H(k)=e¢ "2 =HX+N

log [1,104] [0,1] log [1,104] log [1,104]
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Noise Reduction using Spectrum Wiener deconvolution

Example of Wiener deconvolution (Result (failed case))

[0,1] log [1,101%%)] log [1,101%%) [0,10%0°]
Since |W, (k)| includes very large spectrum, X (k) diverges, and Z(r) di-

verges.
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Noise Reduction using Spectrum

Reason of large filter gain.

Wiener deconvolution

@ H=0and N'#N

— i L
v = o ity
g 1 Pos{lY]P—IN']?}
= e
. LPos{|HX4:N| ;|N/‘ }
H>0H |HX+N|
. Pos{|N >~ |N"]}
— lim L2 v
HsoH NP

Pos {F} = max{F,0}

e (N> N
'%"{o (IN] < [N'])

—  Not continuous

Prob. dens. of N(f)

0.20 (7 =5.0)
. 015 — p(IN])
£ 92N 712
Z 010 — Zlﬂ\‘nxp —ﬁ
3 L o

0.05 n

0.00

10°

0,
10"
102
10°
10 o,
10°

0 2 4 6 8 10 12 14 16 18 20
[N

density

\\\

\\\
7exp

density
o o o
o o o
8 R R§

density
[N
55565

NN

200 300 400
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Noise Reduction using Spectrum

Wiener deconvolution

Methods to supress divergence of filter gain.

@ Specify large |N'|
oo 1 Pos {IY]? = a|N"|?}
A Y2
(a>1)

@ Limitation of domain
W (k) = O {[k] < ko } W (K)
_ [ 1 (Cistrue)
(6 {cr= { 0 (Cis false) >

@ Limitation of range
WV, = 0 {[W(k)| < Vo } Vo)

o Limitation of |H|
\Ijéc =O{|H| > Huin} ¥y

@ Inspection of neighbores
Mo(k
(k) = © {300 > 10,0, b Wa(k)
> M, (k) is the number of pixels negiboring

k.
> My(k) is the number of pixels with
@, (k') = 0 within the pixels negiboring k.
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Noise Reduction using Spectrum Wiener deconvolution

Suppression of divergence in Wiener Deconvlution (e.g.)

Before Deconv. True i Kmax = 0.10 : Periodic Pattern




Noise Reduction using Spectrum Wiener deconvolution

Reason of errors in Wiener deconvolution

@ Divergent @ Ringing
Insufficient reduction of filter Ghost appeares along edges.
gain for small H. Caused by Fourier transform wiht fi-
o Blurrin nite terms’ trancation.
g_ . . < Gibbs phenomenon
Over filtering of high freq. com- . S
(Impossible to avoid ringing.)
ponent.
@ Periodic Pattern - fu(o
) . f3(0 —
Insufficient filtering for a certain — f5(0
component. N
@ Noisy 0
Insufficient filtering of high freq. =
component.
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Noise Reduction using Spectrum

Estimation of Response function H ( f)

8.3 Estimation of Response function H(f)

~

Y(f)=H(f) - X(F)+N(f)

() = @Y ()

(f)

H(f) : Function is known, but
parameter of the function
is unknown.

eg: H(f)=e 275
(o is unknown)

@ Determine the parameter by least
square fitting, and compute

H(f)

@ The data for the least square
fitting is flatten data by noise
probability density function in the
domain where the noise is
dominant.
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Noise Reduction using Spectrum Estimation of Response function H ( f)

Least square fitting to Gaussian function

@ Mapping from f to F =log f.

@ Fitting function (Estimated Fy(zi;a,b) = loga — ba?
Valuel 9 > quadratic equation
f(zi; a,b) = ae~b"i » Expacted error for f and that for
@ Observed value F are different.
(25, f}) ie{l,-.N} —>'It should be consider the
~ weight.

o Residual  Af; = f; — f(z;)

@ Average of Square Residual
E=(Af)?

@ minimize F

E = f*(Alog f)?

@ In general method, the normal
equations become non-linear o 0s ros 2 2s 8
equations.

—Complex

1
0 05 1 15 2 25 3

z/o zfo
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Noise Reduction using Spectrum Weighted least square method

Weighted least square method

Weight = reliability of data

— o Without weight
E = wi (fl - fl) 20 —— Estimated
15 o
Low reliability of the data with the large scatter- »

10

ing . #
o [(- )] <[ (- 7)) - R

1 ~\2 @ With weight
3 l:(fz - fi) ] ~ 1(constant) 2
a

~—— Estimated
fi 15 .
1 B
— Independent of i —  Lw; = — 10
95 %
5 ;¢
1 ~\ 2 O0 1 2 3 4 5
E= _2<fi_fi) (1)
9%,
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Noise Reduction using Spectrum

Weighted least square method

Mapping of variable in least square method

= (-5 @
In the case of F; = F(f;),
fi-fi=an-aRgk
~ (F, — F)dF
E= (Fi—ﬁ')z (3)

2
dF 2
r ) ¥

shows a magpnification factor of er-

N
QU

If FF=1log f,
ar _1
a f
1} 7
E = 5 (log fi — log f;)?
fz
o f= f—f— n
n: white — o2 = const.
1 =
° E=— f?(log fi —log f;)?
Jn

@ Larger f has larger weight.

dF
df

ror bar.
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Computed Tomography (CT) Absorption of X-ray

9. Computed Tomography (CT)
9.1 Absorption of X-ray

@ X-ray radiography o If x is depth dependent,
bj ect
Kkd — k(x,y)dx
R ) | wtan)
R
—>/ k(z,y)d
Incident [—] Transnmitted
d (k(z,y) =0 Not Object)

@ Only the integral of x along

@ K : attenuation coefficient optical path can be obtained
In the case of X-ray, from X-ray radiography.
it depends on the atomic
number.

(Heavy atom — large k.)
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Computed Tomography (CT)

Projection from several directions

9.2 Projection from several directions

The distribution of k including depth
distribution, which is called tomog-
raphy, can be obtained from several
projected data with different direc-
tions.

4
Computed Tomography
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Computed Tomography (CT) Projection from several directions

Number of projections and Num. of internal nodes

o v .
33 unknowns . E = E

3 projs.
I:> (observed) ' —r
Num. of unknowns = Num. of Obs.
. — Cannot distinguish.
3 projs.

(observed)

Num. of unknowns > Num. of Obs.
— Cannot solve.

To obtain more projection, other projections with different directions are
needed.
6 € [0,7]
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Computed Tomography (CT) Schematic of forward and backward-projection

9.3 Schematic of forward and backward-projection

Forward projection (measuring process)

Forward projection
=lIntegral along beam path
p(,60) = [, w(w,y) dng
(z =2(£,0), y=y(&,0))

— Accumulate along path

0 [100] 0 —
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Computed Tomography (CT) Schematic of forward and backward-projection

Backward projection (1) Simple backprojection

© Map averaged value of the
projection data along path for

each angle.
—

© Take an average of mapped
data for each pixel.

BERE
8 (338 e

8|18 |8

Blurrier than original.
Original

010 |0

0 [100| O

01010
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Computed Tomography (CT) Schematic of forward and backward-projection

Backward projection (2) Filtered backward projection

In the simple backward projection, the reconstracted result is blurred. To
reduce the blurring, edge enhancement filter is applied to the projection
data.

Edge enhancement filter

gn:fn_kf,{: +1
— fa— k(fnm1— 2fa + fur1) 9n = i:z_:l Wi fr—i

= _kfn—l + (2k + 1)fn - kf”"’l (w_l,wo,w+1) = (_L +37 _1)
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Computed Tomography (CT) Schematic of forward and backward-projection

Filtered backward projection

© Edge enhancement of
projection data: p’

+1
(eg) P = D WiPj—i

i=—1

(w—l)w()aw-l—l) = (_17 3’ _1)
p] 0 [100] 0
p’ | -100 | 300 | -100

© Apply simple backward
projection using p’.
0 [100] 0 <:

In this example, the reconstructed
field is identical to original.
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Computed Tomography (CT)

9.4 Radon Transform

Radon Transform

Coordinate system

Iy(&,0) Inner product of e, :
Tey-€extyYey;- ey

={e;- e +ne;-ey

n v

x=~E,cosf —nsind

x = —+Ecosf —nsinfb
y = +&Esinf + ncosb
& =+4xcosfh+ ysind
n=—xsinf + ycosb

Expression of point 7

r=ze;tyey

=lect+ney
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Computed Tomography (CT)

Radon Transform

@ Projected data (known)

I1(€,0) = Iye~ Jurxmd
Le{r(&m0)|& = ¢ (const.)}

@ Sinogram (known)

p(E.0) = 1o 157
0
@ Radon Transform
Integral over straight line in
2-D space.

p(£.0) = /L w(r(€,0)) dI

Radon Transform

@ Extend from line in-
tegral to 2-D area
integral
& =xcosf+ ysinb

/Z/m 3¢ — &) de’ d
/Z/Z 5(& — €'(2,)) o dy
/ — (zcos O +ysinh)) dz dy
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Computed Tomography (CT) Projection slice theorem

9.5 Projection slice theorem

@ Projection (Sinogram)

p(&,0) // k(z,y)0(§ — (xcosf + ysinh)) dx dy (1)

@ FT with respect to &

P(ke,0) /// K(z,y)8(& — (xcos B + ysin))e % da dy de
://KI(‘T’y)e—]k,g(xCOSQ—l—ySinO) d dy (2)
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Computed Tomography (CT) Projection slice theorem

2-D Fourier Transform in polar coordinate system

@ Forward transform

F(ky,ky) = // fa,y)e ke thay) qo dy (ky = kcosO, k, = ksind)
= //f(x,y)e_jk(xcose'*‘ysm‘g) drdy = F'(k,0) (3)
@ Inverse transform
flz,y) = 41? //F(kz, ket ke thoy) g dk, (Jf diey dbey = [° 27 a6 dk )

oo 2m
= #/0 /0 F/(k’e)e—&-jk(xcosQ—s—ysinG) k do dk (4)
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Computed Tomography (CT) Projection slice theorem

Eq. (2) and Eq. (3) are same.

Projection Slice Theorem

P(k¢,0) is expressed by Fourier transform of x(x,y) in polar
coordinate system.

Since P(kg,0) is known, k(z,y) is obtained by the inverse FT using (4).

1 oo 27 ) )
/q(g;"y) = m/O /0 P(kxé’0)€+]k§(:ccos€+ysm9) kf do dk‘f (5)
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Computed Tomography (CT) Projection slice theorem

Projection from opposite direction

1 oo 21 ) .
K(z,y) = 1 / / P(kg,0)e ke cosOtysing) g qp qf

4772/ / kg 9)e+]k5(xc059+ysm€ |k | d9dk§

oo 2w oo T oo 2w
/ / ]C§ do dk:g = / / ]Cg do dk‘g + / / ké‘ df d]%
0 0 0 0 0 T

Projection from opposite direction
p(gv 0+ 7T) = p(_£7 9)
( b ) Ple, 0+ ) = P(ke,0)
&= =€ etgké(gc cos(0£m)+y sin(0£7)) — o

2nd Term = /0 / P(ke,0)etiRe@eosOtysinOp, gpar. (0" =0 — )

—jke(x cos 0+ysin §)

00

us
P(fkg, ol)e—jke(zc059’+ysin9/)k{ 40’ dk:E (ké _ 7/%)
—0C

I
-,

0‘” P(/ﬁ‘é, 0/)8+]Lé(wcos 0'+ysinf’) (7]%) 40’ (7(”‘.2)

~ 0 ™ . " .o
:/ /O P(ké70/)6+]k5(mcos(9 +ysm9)‘ké|d0/dké

—o0
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Computed Tomography (CT) Reconstruction by using Fourier transform

9.6 Reconstruction by using Fourier transform

¢
. . e e
1 S ) .
H(I,y) = _4 2/ J P(k£,9)€+]k§ (Icos9—|—ysm€) |k5| d&dk:g

1 s
+ike€ ___
5 [ 3 [ Ptk e ane ap = 5 2 [ ateton) 00

:]:,:51{P((k{,@)lkgl}zq(ﬁﬂ) Average with 6.

q(&(z,y),0) = / [P(ke, 6)| k] etIhe(eostrusind) g,

/0
(H(k¢) = |ke| in the case of Ramp function)
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Computed Tomography (CT) Reconstruction by using Fourier transform

© Sinogram :

p(£,0)
© FWD FT with ¢ :

P(ke,0) = /_ ) p(&, 0)e M de

Q Filtering (Weight with |k¢|) :
|ke| P (ke, 0)
Q INV FT with kg

a(6,9) / P ke, 0) kel %€ dke

© Backward projection (Coordinate transform and integrate with 6) :

k(z,y) = %/0 q(zcos® +ysind,0)do

Two FT (FWD and INV) are needed for a certain 6.

163 /197



Computed Tomography (CT)

Filtered Back-Projection

@ Before IFT, |k¢| is multiplied.

@ Since this factor |k¢| is considered as
a filter in the spectral domain, the
method based on FT is called

Filtered Back-projection (FBP).

@ In the actual computation,
k{ € [_OO’OO] — [_kmaxa+kmax]-
@ kmax is Nyquist frequency
determined by sampling interval.

Reconstruction by using Fourier transform

@ To avoid ringing artifact caused by
high frequency component, another
filter can be applied.

(e.g. Shepp-Logan filter)

™ k/‘g
2kmax

H(ke) = Qkﬂ_ﬂsin

Ramp filter

—— Shepp-Logan filter

—Kinax 0 Hhinax
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Computed Tomography (CT)

Handling of discrete data

° p(&%om) = p(nAﬁ,mA@)

(n,m) : Integer

® k(xi,yj) = K(iAx, JAY) (i) : Integer

io e

oedl

@ In order to evaluate
q(zcosf +ysinb, 0) from ¢(&,0)
interpolation are needed.

Reconstruction by using Fourier transform

eg. (I

q(&n.0)

nterpolation for &)

q(xcosh +ysinb,0)
\ q(frl,Jth)

3

gn,

£n,+l
xcost +ysind
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Computed Tomography (CT) Reconstruction by using Fourier transform

Reconstruction using convolution

{ e(x) = [ a(a)blx — ') da’ } 1 / AR B di

C(k) = A(k)B(k) o
1 kmax -‘r]k ¢ Ema. , /
4(8,0) = 5~ . P(ke,0)H (kg)e™ " dke = . -
h(e)
o If H(ke) = [kel,

1 Kmax .
h(€) = — HikeE g,
© =50 [ hele e a

—kmax -
! e
%kmax (£

l kmax
3

sin(kmaxﬁ) + lZ (COS(kmaxg) - 1) (£ 7é 0)

§

|Subtract by neighbors ‘ & | Edge Enhancement
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Computed Tomography (CT) Reconstruction by using Fourier transform

© Sinogram : p(¢,0)
@ Convolution :

9(€.0) = / p(€,0)h(E — &) de’

,4;0
© Back-projection : v 0)
T

p/
1 .
k(z,y) = o ), q(zcosf +ysind,0)do

',q : contrast is enhanced to display
(eri(1/0))

Only one convolution for each 6.

No FT.
Number of multiplifications for each 6
Fourier DFT X 2 2N?
transform FFT X 2 2N log N
Convolutinal All points N?
integral Neighboring M pts. (M < N) MN

— Faster computation than DFT, if the convolution
is applied to neighboring points only.
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Computed Tomography (CT) Reconstruction by using Fourier transform

Filtered Back-projection and Simple BP

o Filtered Back-Projection

o) = 5 (7 {Fe e}, )

&/ 0

@ Simple Back-projection

Hk) =1
o) = 3 (FHF e, ) = ieo
= o [ p(e.0yao
T Jo

» No need to FT— Fast
» The reconstructed distribution is blurred.

— Iterate two procedures of projection and back-projection.
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Computed Tomography (CT) Iterative Reconstruction

9.7 lterative Reconstruction

Applying the forward projection (FP)
to the reconstructed field obtained by
the backward projection (BP), we can
evaluate the error.

The BP of the error is added to the
field obtained in the previous step.
The simple BP is used for the BP al-
gorithm, since the simple BP is fast.

(1) BP for the proj. : Ky = B{p®}

(2) FP for the field s p1 = F{rk1}

(3) Under-estimation . Apy = pOb —py

(4) BP for the under-est. : Axy = B{Ap:} a : Relaxation factor for

(5) Update the field © Kg = K1 + @Ak ( Stabﬁiecszt{uaion )
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Computed Tomography (CT) Iterative Reconstruction

Simple Back-projection

@ Sinogram
p(&n, Om) = / k(z,y)dl ~ K(x,y € Lpm)Alpm
L

o ey € L) = 25500 (Al = [ al)
nm nm

@ Fraction of projection is mapped onto the internal distribution.
(i) = 3 2 inn 3
nm

@i jn,m : Overlap area fractlon between the pixel (x;,y;)
and the beam L,,,,, with width A¢.
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Computed Tomography (CT) Example of reconstruction by simulation

9.8 Example of reconstruction by simulation

True k(x,y) Filtered Back-Projection (Filter : Ramp function)

K(T,Y) o2 Ak(z,y) |

+0.2]

Sinogram p(&,6)

K(z,y) €10,2],

N, = N, = 100,
Ne = 100, _ _
Ny = 45(A0 = 4deg) Line artifact
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Computed Tomography (CT)

True k(x,y)

Sinogram p(§,0)

K(z,y) €10,2],

N, = N, = 100,
Ne = 100,

Ny = 45(A0 = 4deg)

Example of reconstruction by simulation

Iterative reconstruction
N =1 N =2

A2 =042 [|Akl]s =025  ||Ak|lz =017 ||Ax]2 = 0.11
Reduction of edge blurring
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Magnetic Resonance Imaging (MRI)

10. Magnetic Resonance Imaging (MRI)

@ Magnetic Resonance Imaging (MRI) :
Measurement spatial distribution of specific atom using NMR.
In medical application, the density of 'H is measured.

MRI— pH(x7 Y, Z)

@ NMR (Nuclear Magnetic Resonance) spectrometry:
Analysis of properties of atoms or the molecules in a sample
using NMR

NMR— s(|B|)
@ Magnetic dipole moment m
m = uol A =~vhJ (1)
~:Gyromagnetic ratio; dependent on atom
h:Planck constant T

J:Angular momentum J2? = J(J + 1), J,
J:Spin quantum number (J = £ for 'H)
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Magnetic Resonance Imaging (MRI) Macroscopic Magnetic Dipole Moment

10.1 Macroscopic Magnetic Dipole Moment

B=0

m=0
AEN—=)=N - o B = Bye. £0
B#0 » m(t) follows gyro motion.

+ » m(t), is quantized by

KELELRLE

A0

I

+ o+ o+ o+ +

anomalous Zeeman effect.
B=0 B+#0 )
Eip By =Eo:F§h’Y|B|
Ey
P » Boltzmann distribution
+1/2
—AFE
n_% = TL_,’_%G kT
e B=0 —ny1>n_g
» Direction of individual (An/n ~ 5ppm)
magnetic moment m (9 is
random. » M =m=|mle, #0
» M =m=20
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Magnetic Resonance Imaging (MRI) Precession of Magnetic Dipole

10.2 Precession of Magnetic Dipole

Motion of equation of magnetic dipole

(Derived from motion of equation due to Lorentz force (’fl—'g xv X B, vxel xm))
dm
— =7m x B 2
et (2)

Case of B = Bpe, (|By| = const)

From e.-(Eq.(2)) From m-(Eq.(2)) From d(Eq.(2))
dt
e. T _ o dm _Ldmom
2dr at 2 dt —dgn:'yd—mxB

m, = const (3) m L dm ) dt %t
dt =(7Bo)*(m x e:) x e.
|m|2 = const (5) :(’}/BO)Q(—m —+ mzez)
(Independent of |B|) (6)
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Magnetic Resonance Imaging (MRI) Precession of Magnetic Dipole

From e;-(Eq.(6)) and ey-(Eq.(6)) Assume m = (m,0) at t =0, my.
From Eq.(7) att =0,
?m,,

A2 + (730)2mn =0 (ne€{z,y}) Cp=—S,=m,
my, = Cp coswot + Spsinwet (7) Cy=5,=0
wo =By (8)
wp : Larmor frequency
mg = +m coswyt 9)
my = —m sinwgt (10)

ea+(Ea.(2)) : (%G = 7Bomy)
Substitute Eq.(7)

m? = mi + mz = const

wo(—Cy sinwgt + Sy cos wot)

= By (Cy cos wot + Sy sinwot)
— m, = +y/m? —m? (11)

—»—Co=S,, S.=C,
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Magnetic Resonance Imaging (MRI)

@ Precession

dm
o (Boe:)
Mg, = +m | coswol
my = —m sinwot
m, = +,/m? — mi
(12)

y y
x x

» Circular motion around z-axis
with clockwise direction

Precession of Magnetic Dipole

@ Representation on Rotational
coordinate

Yy v
x

W(]t
X

{ ex(t) = cos(wot)e, — sin(wot)e,
ey (t) = sin(wot)e, + cos(wot)ey
(13)

m(t) = mex(t) + m,e,
(14)
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Magnetic Resonance Imaging (MRI) Nuclear Magnetic Resonance(NMR)

10.3 Nuclear Magnetic Resonance(NMR)

z
@ Add a rotational magnetic field (w = wy) B,
with small amplitude, A
i m
B(t) = Bo + Bi(t) (15) 1 By l v
By = Boe. @(Y ‘
Bi(t) = Biyey(t) (16) X X
By (t)] < |Bol
Biy =const, Bix =0

@ Definition of m.
m(t) =my(t)ex(t) +my(t)ey(t) + my(t)e, (17)
(m(O) =m_iex + mOzez)
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Magnetic Resonance Imaging (MRI)

@ Time derivatives of unit vectors

dex deY +
— = —wpey, — = twpe
dt 0€y dt 0€Xx
(18)
@ Motion equation
dm
— =ymx B
a
» Lhs
woMmy dz%
dm _ dmy
| e T
0 dm:
dt

Nuclear Magnetic Resonance(NMR)

> r.hs
My My My
ym X B = 0 By By
€x €y €,
my By —m,Biy
=7 —mxBo |+~ 0
0 +my By
dmy
ddt —yBiym.
m _
dty - 0
dm. +'YBlYmX
dt

@ Y component : my(t) =0
(. my(0) =0)
@ X,z component : ?
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Magnetic Resonance Imaging (MRI) Nuclear Magnetic Resonance(NMR)

@ In the case of

@ Case of B = Bye, B = Bye, + Biyey

dmg dmx

ddt +’7/BOmy dt _’VBlsz
My — _
a = YBomy dmy | = 0

dmy 0 dm, +yBiymy
dt e

» Clockwise rotation around z
axis. .

» frequency: wg = vBy axis.

> frequency:wiy = vBiy

» Clockwise rotation around Y

@ In the case of B = Bye, + Biyey
While m rotates around z axis caused by By,
m always feels Biy.
As the result, m also rotates around Y axis.
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Magnetic Resonance Imaging (MRI)

Nuclear Magnetic Resonance(NMR)

Phase difference between m and B;

@ When By is supplied, the precession
is appeared. However, all the dipoles
do not have same phase.

— ex of each particle is different.
eg? £ egl(), m@ . By #£0

@ Case of Blg( 7& 0

Bi(t) = B{}eQ(t) + Bijel (1)

> torque owing to Bg)(:

m® x Bg)fe‘(,?
=mB{el!) —m{B{}e.
dm? Dol
= = mO B #0

» m( rotates so as it becomes
perpendicular to Bj.
(Jm| = const)

» When B = By, directions of X axis for

individual particles are different.
m) = mx(i)eg? + mg)ez

But average has only z component.
M =m =m,e,

» When B = By + B, X axis for all
particles points to the direction which is
perpendicular to Bj.

m) = mx(i)ex + m,(zi)ez Average
has X-z component.
M' =m/ =mxex + e,

- === —>—>== | 1 B0
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Magnetic Resonance Imaging (MRI) Nuclear Magnetic Resonance(NMR)

Excitation and Radiation

@ Excitation
B

Iradiate By to the state of B = By B, 1
! 5

Direction of M varies by absorption _l_H_ _l_H_l_l_

of energy of B;.
@ Emission <:
Stop excitation —1—H—1—1— —H—f—

+
While returning back to the original B,

state, Energy of m is radiated as Bj. Qbserved
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Magnetic Resonance Imaging (MRI) Relaxation time

10.4 Relaxation time

o After excitation field, return back to Boltzmann distribution caused
by interaction with neighboring.
Electromagnetic wave is radiated during this process.

@ Relaxation model » Ty, T5 depends on both nuclear

> Longitudinal (Spin-lattice) species and bonding to others
relaxation

S 0P RB®
M.(t) = Mo(1 — e 75) + M,(0)e™ 7% M:CD @ @ @ @

» Transverse (Spin-spin)

relaxation o @ @ @ % %

dM My

i T %@@@@Q

ML(t) = M, (0)e 7=
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Magnetic Resonance Imaging (MRI) Principle of reconstruction

10.5 Principle of reconstruction

(1) Selection of excited slice

@ Add gradient of magnetic field G, =e, V(B -e,)

B.(z) = (By+ G.(z — 29))e,

w(z) = wo + G (2 — 20)
The frequency of precession
depends on z.

1 B() + G;Z

T By

yonance with By

@ Excitation by the rotational
magnetic field By (t) o cos(wot)
l
Only the dipoles at z = z are
excited.
Others are not Excited.

* B(]—GZZ
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Magnetic Resonance Imaging (MRI) Principle of reconstruction

(2) Identification of line integrals of radiated field

@ Add gradient of magnetic field on (z,y) plane, after stop irradiation of
excited wave. G¢ =e¢-V(B; -e;)
B.(§) = (Bo+ Geb)e., (eg = cosbe, +sinfbe,)

The frequency of radiated wave depends on &.

|B.|
wo(§) = 7(Bo + Geb) = wo +7Ge§ U 1Bl
@ Observed signal :
Proportional to density of excited atom, p. @
5(t7 9) = ff p(q;’ y)ejwé(f(xvy))t dx dy . ¢
4 F  (shown in the next slide) ]
=projection (&(w) = wV_G“;‘J) /
@ Change the direction of gradient W(€)
Projection data from whole direction can be obtained. = wo +7Geg

— Same to the CT reconstruction.
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Magnetic Resonance Imaging (MRI) Principle of reconstruction

Calculation of Fourier Transform of s(t,0)

§=£(z,y;0), n=n(z,y;6)
w()(f) =wo + lyGfé. = ws(xaya 9)

s(t,0) = /y | pla,y)et de dy = /n A__ p(&,m)elo" de dn
S(w.0) = [ s(t.0)e " de = [ [ [ p(€m)e 09" dg it
n
= [ foptem) [, /o1  dt e d
= /77 /é p(&,m)6(wo + YGe€ — w) dE dn

= [, P& mdn (Lo e {remo|¢= wv_GZO j)

S(w,0) = /_ h p(§(w),0)dn, E(w)= w’y_G(:O

4
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PET, SPECT

11. PET, SPECT

PET and SPECT can determine -ray source distribution to monitor level

of biological activity.
e.g. Giving the drug which can emit «-ray to blood vessel, we can observe

amounts of blood flow.
@ PET : Positron Emission Tomography

The drug is source of positrons.
The v-rays are emitted by an annihilation of electron pair.

@ SPECT : Single Photon Emission Computed Tomography
The drug is source of ~y-rays.
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PET, SPECT

11.1 PET (Positron Emission Tomography)

‘Annihilation of electron pair‘

col l'ision

o o

e” +et = 2y(511keV), mec? = 511keV

When an electron and a positron collide, two gamma-rays with 511 keV
are emitted to opposite directions on a single line.
The direction of the line is random.
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PET, SPECT

Projection data

@ When annihilation occurs, two sensors
Yy located on the line passing the
annihilation point detect an event at
same time.

k/%/
=
(\(

@ The angle of the line corresponds to the
projection angle 6 in CT.

I,

F €T
\\ b @ The distance of the line from origin
x C corresponds to the position of detector
&in CT.
@ Accumulating other events, we can
obtain the statistical distribution

p(&,0).

The procedure to compute internal field f(x,y) is same to CT.
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PET, SPECT

11.2 SPCET((Single Photon Emission Computed Tomography)

@ When the array detector is aligned to
perpendicular to the direction of 8, only
the ~-ray with the angle 6 can be
detected by the detector located at &,

col | 'nl&r 3 since the others are shielded by the

xr

collimator.

@ The projection of p(&,0) corresponds to

the accumulated events.

det ect or
(rotatable)

The procedure to compute internal field f(x,y) is same to CT.
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Ultrasonic Echo Mechanism of echo

12. Ultrasonic Echo

12.1 Mechanism of echo

‘ Reflection at interface‘

medium [ medium [1I
AN Zo. ko
Z;: Impedance
—_— —_—
I nc. Tr ans. k;: Wave number
R
Ref .

“—Interface

The reflection occurs at the interface with impedance change.

(Proof is shown later.)
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Ultrasonic Echo

Mechanism of echo

Reflection model for the electromagnetic wave

Zlukl

B, H,

§17H1
z=0

(Arrows over symbols represent propagating direc-
tions.)

@ Poynting vector:

@ Definition of EM-wave:
(Definition to satisfy Eq. (1) and (2))

E —1—?6 kize

ﬁ +ﬁ —Jkize

% —l—Eeﬂk z (3)
E = _Ee‘iﬂk z €y

@ Definition of impedance:

E E
?f (4)
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Ultrasonic Echo Mechanism of echo

From Eq. (4) and Eq. (7)

o Field in each medium @ Reflection wave
— —
B\~ B+ B, E.=E, f_2-Lp
H\= H| + H,, Hy= H; B —
(5) =R
@ Boundary condition: @ Transmission wave
(Continuity of tangential N 207y —
components) by = mEl 9)
At z =0 S
{ Ey-e;=E;-é€ (6) In the case Z5 # Z;:
Hl ey:H2 ey R Z2_Z1750
E1 + ﬁ E2 (7) Zo + 24 '
[7 H2 N Reflection occurs at the
interface.
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Ultrasonic Echo

Impedance

12.2 Impedance

Electro-Magnetic wave 7 — %
Electronics 7 — VIVl _ Electric potential

I [A]  Electric current (o< velocity)

Fluid mechanics 7P _ Acoustic pressure (potential)

v

Acoustic velocity

Impedance of fluid depends on the velocity.
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Ultrasonic Echo

@ Acoustic velocity

Acoustic
Medium | velocity
[m/s]
Air 344
Water ~1,500
Fat ~ 1,450
internal
organs, ~ 1,550
muscle

Impedance

Acoustic velocity and Frequency

@ Frequency(at v = 1,500)
f=v/A
A 05 mm~ 0.1mm
f 3 MHz ~ 15 MHz

— Ultrasonic wave
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Ultrasonic Echo Measurement system

12.3 Measurement system

Similarly to lader, signals are measured in polar coordinate (range and di-
rection).

‘ Range measurement ‘ Al s Z3
T
Aty
Atyg .

© Emit the pulse modulated acoustic wave
© Measure time delay of reflected pulse
O Calculate Z(r)
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Ultrasonic Echo Measurement system

‘ Scanning the direction ‘

Emitting direction can be controlled by phased array antenna:

N R
Non-plane wave can be formed by controlling A N

{Geray}
the delays. v
_ N o
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